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Studies on new fuel-saving technologies have been popular in recent years 
because of decreasing global crude oil supplies and growing environmental concerns. The 
price of crude oil, according to the Department of Energy (2007), is over 400% higher 
than ten years ago (Figure 1.1) and is likely to continue to surge in the future because of 
shrinking oil supplies. To reduce oil consumption by ground vehicles, the Corporate 
Average Fuel Economy (CAFE) was enacted by the US Congress in 1975. The CAFE 
legislation is overseen by the National Highway Traffic Safety Administration (NHTSA), 
which sets fuel economy standards for cars and light trucks (trucks, vans, and sport utility 
vehicles) sold in the US. While the CAFE standards have remained relatively constant for 
the last twenty years, the discussion of increasing it is significant in the past fifteen years 
regarding shrinking oil supplies and increasing oil demands (Figure 1.2). 
Concurrent with the implementation of increasingly stringent fuel-economy 
regulations is the adoption of the ever-tightening emission standards. These emission 
standards were set by the Environmental Protection Agency (EPA), which was formed in 
1970 to develop and enforce regulations to protect the environment (EPA 2007). These 
standards focus on limiting the production of harmful tailpipe pollutants. The Tier 1 
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standards for example (DieselNet, 2007), published as a final rule in 1991 and phased-in 
progressively between 1994 to 1997, limited the allowable emission levels of THC, CO, 
and NOx for all light-duty vehicles. The Tier 2 standards, adopted in 1999, is almost an 
order of magnitude more stringent compared to Tier 1 (Figure 1.3). 
In light of the impending increases in CAFE regulations and the implementation 
of Tier 2 emissions standards, the automotive industry faces substantial challenges to 
improve fuel economy while reducing emissions. Various engine-based technologies—
such as variable valve timing, turbocharger application, and cylinder deactivation—have 
only limited impact on fuel economy (Energy and Environmental Analysis, Inc., 2005). 
Continuously variable transmission is promising, but its in-field performance has not 
been satisfactory (Setlur et al., 2003). Diesel-fueled vehicles have been offered in the US 
with limited success. Recent availability of low-sulfur (15ppm) diesel fuel paves the way 
for more light-duty diesel vehicles, which might jump-start the sales of light diesel 
vehicles in the US. Currently, however, with only a handful of models from Mercedes, 
Volkswagen, and Jeep on the market, it is unlikely the sales volume of diesel vehicles 
will take off quickly in the near future. Fuel-cell vehicles, with hydrogen gas as a power 
source replacing the conventional engine, draw numerous interests because they have the 
potential to significantly reduce fuel consumption and emissions. However, there are still 
many unsolved challenges and the high-volume production of fuel cell vehicles is still 
decades away. Among all the technologies that are currently under development, the 

























Figure 1.1: World crude oil price have increased over 400% since 1998 (DOE, 2007) 
 




Figure 1.3: EPA NOx and particular matter regulation trends (DieselNet, 2007).  
1.2. Background 
A hybrid electric vehicle (HEV) adds an electric power path to the conventional 
powertrain, which helps to improve fuel economy by engine right-sizing, load leveling, 
and re-generative braking. A right-sized engine has better fuel efficiency, lower heat loss, 
and reduced peak power. The reduced power is compensated by an electric machine (or 
machines) during surged power demand. Compared with internal combustion engines, 
electric machines provide torque more quickly, especially at low speed. Therefore, 
launching performance can be improved, even with reduced overall rated power. Load 
leveling can also be achieved by the electrical path. With the electric drive assistance, the 
engine can be controlled to operate in an optimal region regardless of the road load. 
Finally, when the vehicle is decelerating, the electric machine can capture part of the 
vehicle’s kinetic energy and recharge the battery. 
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Due to their significant potential in reducing fuel consumption and emissions, 
HEVs are now actively developed by many car companies. In late 1997, Toyota Motor 
Corp. released the first-generation Prius, which features the Toyota hybrid system (THS). 
It came to the US market in MY2000. Four years later, the MY2004 Prius model was 
released. It featured an improved powertrain, the THS-II, with significantly improved 
vehicle performance, interior volume, and fuel economy. The new Prius is the most 
successful hybrid to date: Toyota has sold more than 350,000 Prius models in North 
America; Monthly sales averaged about 15,000 units in 2006. With this success, a scaled-
up and more sophisticated version of THS (a.k.a. Toyota Synergy Drive) was developed, 
and two hybrid SUVs (Highlander and Lexus RX 400H) were offered in 2006. The 
Toyota hybrid family is getting bigger with the introductions of the Camry Hybrid and 
the Lexus GS 450h in 2007. 
Honda, another pioneer in the field of commercial HEV, introduced its first 
commercial hybrid vehicle, Insight, to the US in 1999. It earned the highest combined 
EPA rating for fuel economy in a passenger car at 60/66 mpg (city/highway). In 2002, 
Honda released the Civic Hybrid as a competitor to the Prius and remains at the forefront. 
American automotive manufacturers started to realize the impact of the hybrid 
electric vehicles entering the 21st century and initiated catch-up efforts in recent years. 
Ford, the first US automaker offering hybrids, released the Ford Escape hybrid SUV in 
late 2004. A more upscale version, the Mercury Mariner, was introduced at the same 
time. Gerneral Motors, DaimlerChrysler, and BMW launched a joint effort to explore 
hybrid technologies and compete in the market with a new Hybrid Development Center 
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formed in 2006. Many new HEV models are expected to be released in the US in the near 
future (as shown in Table 1.1). 
Table 1.1: Hybrid electric vehicles on the horizon (Fueleconomy.gov, 2007). 
Manufacturer Model Type Estimated Date 
Available 
Chevrolet Equinox SUV 2007 
Chevrolet Malibu Mid-size Car 2007 
Chevrolet Tahoe SUV 2007 
GMC Yukon Hybrid SUV 2007 
Mazda Tribute Hybrid SUV 2007 
Chevrolet Silverado Hybrid Full-size Pickup 2008 
Ford Fusion Mid-size Car 2008 
GMC Sierra Hybrid Full-size Pickup 2008 
Mercury Milan Hybrid  Mid-size Car 2008 
 
As the HEV development getting more and more attentions, various designs and 
technologies emerge and apply to the production vehicles. These designs can be 
categorized by their degrees of hybridization or their powertrain configurations. 
Based on the degree of hybridization, the HEVs can be divided into several 
categories: mild hybrid, power-assist hybrid, full hybrid, and plug-in hybrid. A mild 
hybrid is a conventional vehicle with an oversized starter motor, allowing the engine to 
be turned off whenever the car is coasting, braking, or stopped, yet restarted quickly. A 
power-assist hybrid uses the engine for primary power, with a torque-boosting electric 
motor connected to a largely conventional powertrain. The electric motor, typically 
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mounted between the engine and transmission, operates not only when the engine is off, 
but also when the driver “steps on the gas” and requires extra power. A full hybrid, 
sometimes called a strong hybrid, is a vehicle that can run on just the engine, just the 
battery, or a combination of both. A large, high-capacity battery pack is needed for the 
battery-only operation. A plug-in hybrid is a full hybrid, able to run in electric-only 
mode, with even larger batteries and the ability to recharge from the electric power 
station. They are also called gas-optional, or griddable hybrids. Their main benefit is that 
they can be gasoline-independent for daily commuting, but also have the extended range 
of a hybrid for long trips. 
Based on the powertrain system design, the HEV models can be divided into three 
categories: parallel hybrid, series hybrid, and power-split hybrid. The definition and 
characteristics of each type are described in the following sections. My work mainly 
focuses on the power-split type of HEVs. 
1.2.1. Parallel Hybrid Electric Vehicle 
The parallel configuration, as shown in Figure 1.4, includes two separate power 
paths. In addition to a conventional engine transmission powertrain, a power assist 
device, often a motor/generator (MG) supplied by a battery or ultra-capacitor, is built in 
as the alternative propulsion system. When the secondary power source (i.e., the MG) is 
relatively small (mild hybrids or power-assist hybrid), it can not fully drive the vehicle 
without engine power. When the secondary power source is relatively large (full hybrids), 








Electrical Linkage  
Figure 1.4: Parallel HEV configuration. 
The role of the MG is to assist the engine to operate efficiently and to capture 
regenerative braking energy. The BSFC fuel map of the Saturn 1.9L (95kW) DOHC SI 
engine is shown in Figure 1.5 as an example representing a typical engine. The most 
efficient spot is located at the middle of its operating range (between the two doted lines). 
Outside of this region, the fuel efficiency decreases. For the area pointed by arrow A, the 
MG is driven to supply the power demand to avoid using the engine inefficiently. On the 
other end as pointed by arrow B, the power that the engine can produce approaches its 



































Fuel consumption map (g/kw/h)














Figure 1.5: BSFC fuel map for a Saturn 1.9L (95 kW) DOHC SI engine 
Depending on the connection between the transmission, MG, and the engine, the 
parallel configuration may have many different formats (Rahman et al., 2000). However, 
the power-flow analysis remains the same and relatively straightforward. For a mild 
parallel hybrid, the power management control becomes much simpler, as the two power 
sources do not work simultaneously. While for a full parallel hybrid, the control 
algorithm can be a lot more elaborative (Nedungadi and Dardalis, 1999; Lin et al., 2003; 
Delprat et al., 2004; Sciarretta et al., 2004). Honda’s hybrid Civic with the integrated 
motor assist system (IMA) (Ogawa et al., 2003) clearly belongs to the parallel type.  
Because the MG cannot be used to both charge the battery and assist the engine 
simultaneously, the power assistance has to be constrained to avoid draining the battery. 
This situation mostly occurs during city driving, where frequent stop-and-go demands 
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force the engine to produce power in its low-efficiency range. This is why most parallel 
HEVs do not have impressive city fuel efficiency if compared to other types of hybrid 
vehicle with a similar size.  
1.2.2. Series Hybrid Electric Vehicle 
The series configuration only has the motor (sometimes motors) driving the 
wheels—the engine is not directly connected to the wheels (as shown in Figure 1.6). The 
motor power is supplied by either a power-storage device (such as a battery), or a 
generator (transforming the mechanical power from engine into electric power), or the 
combination of both with a split ratio determined by the power management controller. 
Since the engine operation is independent of the vehicle speed and road condition, it is 
controlled to operate near its optimal condition most of the time. In addition, because the 
mechanical power transition path is eliminated, the energy loss due to the torque 






Electrical Linkage  
Figure 1.6: Series HEV configuration. 
The control strategy of the series configuration is relatively simple (Waltermann, 
1996; Jalil et al., 1997; Michelena et al., 2001), because the power-flow analysis for 
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series HEV is straightforward and the engine is controlled separately from the vehicle 
operation. Many prototype hybrid buses and trucks use the series hybrid configuration 
(Brahma et al., 2000). 
 A disadvantage of the series configuration, however, is that the efficiency of the 
electric machine(s) reduces the overall performance. The power flow through an 
electrical path has a lower efficiency than that through a mechanical path because the 
additional magnetic electric field transformation and the heat lost of the electric 
accessories. Since the driving power of a series hybrid vehicle flows through the 
electrical path all the time, it becomes relatively inefficient when the vehicle reaches the 
driving range that could be more efficiently driven by engine directly. This is true 
especially when the vehicle is running on the highway.  
1.2.3. Power-Split Hybrid Electric Vehicle 
This research focuses on the power-split type of HEVs. The powertrain 
configuration of the power-split hybrid system, also known as parallel/series hybrid or 
combined hybrid, is interesting because with proper control strategy it can be designed to 
take advantage of both parallel and series types and avoid their drawbacks.  
As shown in Figure 1.7, the power-split configuration combines the parallel and 
series powertrains. On one hand, similar to the parallel configuration, it has the separate 
engine power-flow path and battery-motor power-flow path. Instead of transmission, it 
implements a power-split planetary gear set, to link the engine with the final drive. On 
the other hand, similar to the series configuration, it has the engine-generator power-flow 
path. The engine drives a generator to either charge the battery or supply power to the 
motor. With such a configuration, a power-split hybrid can operate like a series hybrid 
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when driving at low speed to avoid the drawback of parallel hybrid and can switch to the 
parallel hybrid when running at high speed to avoid the drawback of series hybrid. 
Because it has more energy flow paths and operating modes compared to other 









Electrical Linkage  
Figure 1.7: Power-split HEV configuration. 
Development of the power-split mechanisms can be tracked back to the late 1960s 
(Livezey, 1969) and early 1970s (Gelb et al., 1971). The earliest of such devices appeared 
in the hydrostatic power-split transmission commonly used on lawn tractors. Considered 
as an electric continuously variable transmission (ECVT), operating at different speeds 
without actuating a clutch, it became useful for power transfer. As reviewed by Miller 
and Everett (2003), the flywheel-transmission-internal-combustion hybrid vehicle 
(Beachley and Frank, 1980; Besel and Hou, 1980; Cornell et al., 1980) and planetary gear 
train with CVT mechanism (Wohl et al., 1993) were designed and studied as early power-
split devices. But this power-split concept was not applied to passenger vehicles until the 
late 1990s. The first production power-split passenger vehicle, the Toyota Hybrid System 
(THS), was introduced by Abe, (1997), Sasaki (1998), and Hermance (1999). This 
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system, often known as a single-mode system, is the major framework of the vastly 
popular Prius and the rest of the hybrid fleet from Toyota. New technologies of the 
hybrid electronic control unit (Nagasaka et al., 1998), variable-voltage power circuit 
including a DC/DC boost converter (Muta et al., 2004; Kawahashi, 2004), front-and-rear-
motor drive (Kimura et al., 2005), motor speed-reduction device (Kamichi et al., 2006), 
and modification of the planetary gear train (Hermance and Abe, 2006) kept this system 
as a front-runner on the market. Another major design for power-split HEV on the market 
is the Allison Hybrid System (Holmes et al., 2003), also known as AHSII. This system, 
invented by GM as a dual-mode power-split system, is applied to several mid-sized SUV 
and pickup trucks and has become a major competitor in recent years. 
Figure 1.8 shows a powertrain design example of the single-mode power-split 
hybrid system. A single planetary gear set serves as a power-split device that transfers the 
engine power to the vehicle through two paths: a mechanical path and an electrical path. 
The engine power through the mechanical path goes directly to the final drive of the 
vehicle. The rest of the engine power goes to the motor/generator 1 (MG1), where it is 
transformed into electricity. This power is then either stored in the battery or send to the 
motor/generator 2 (MG2) by a controlled power bus. The design of the planetary gear 
allows the engine speed to run at a continuously variable ratio in respect of the vehicle 
speed, which benefits the fuel efficiency. This CVT type of operation is controlled by 
maneuvering the electric motors, an operation often referred as ECVT (Miller 2005). 
Obviously, the engine power going through the electrical path is less efficient than the 
mechanical path from an instantaneous viewpoint. However, the energy stored in the 
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battery may be used more efficiently later, which helps to improve the overall vehicle 
fuel economy. 
In this powertrain design, the carrier gear connected to the engine is the input 
node. The ring gear connected to the final drive is the output node. One of the electric 
machines is also connected to the output node, with the other MG connected to the third 
node of the planetary gear set. This setup is called an input-split system because the 
engine torque is split into two paths from the input node (More detailed definition of 
different split modes is given in Chapter 4). The split power then goes to the output node 
without any further split ratio. And since this is the only operating mode, it is called a 
single-mode system. 
Engine MG 1 MG 2
Battery





Figure 1.8: Powertrain configuration of a single-mode hybrid system. 
Figure 1.9 shows a powertrain design example of the dual-mode power-split 
hybrid system. Compared to the single-mode system, this dual-mode system has one 
more planetary gear set and two clutches. Similar to the single-mode system, the engine 
power flows into the gear trains and is split into a mechanical power path and an electric 
power path. The dual-mode is named as such because it consists of two different power-
split modes and can be switched from one to another by coordinately locking and 
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unlocking the two clutches. The powertrain shown in Figure 1.9 can be operated as an 
input-split system, which is the same as introduced in the last section, and can be 
operated as an compound-split system, in which after the engine torque input is split, 
these torques go through two different paths to the final drive with another split ratio 
(This concept will be explained in details in the Chapter 4). Although the system appears 
more complex, such dual-split modes prove to provide higher flexibility (Conlon, 2005; 










Figure 1.9: Powertrain configuration of a dual-mode hybrid system. 
The two examples described above are just two possible configurations of the 
numerous power-split powertrain designs. Besides these two, there are many different 
power-split configurations under development. Detailed review is addressed in the next 
section. 
1.3. Literature Review 
1.3.1. Modeling of Power-Split HEVs 
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Having a proper modeling and simulation tool is very important in the early 
design and analysis stage. This is even more critical for the power-split HEVs since there 
could be numerous possible configurations/components and various control strategies. 
One of the most popular HEV simulation model packages is the ADvanced VehIcle 
SimulatOR (ADVISOR), developed by the National Renewable Energy Laboratory 
(2007). ADVISOR is an empirical, map-based simulation tool that combines the vehicle 
dynamics model with the efficiency map of each component to predict system 
performance. It calculates the powertrain operation backward from a given driving 
schedule, based on a quasi-static assumption that inverts the physical causality (Guzzella 
and Amstutz, 1999; Wipke et al., 1999; Markel et al., 2002; Wang, 2002). 
Another popular HEV simulation model is the PNGV System Analysis Toolkit 
(PSAT) which was developed by the Argonne National Laboratory (ANL) (Rousseau et 
al., 2001a). Research with hardware testing on power-split HEVs has been under 
development in ANL for years (Duoba et al., 2000; Duoba et al., 2001; Ng et al., 2001), 
The experiment data is applied to validate and improve the simulation model (Rousseau 
et al., 2001b). In contrast to ADVISOR, PSAT is a forward-looking model that calculates 
the powertrain states, based on driver input. It is suitable for investigating the dynamic 
response of individual components as well as designing the control strategy for hybrid 
vehicles, although forward models are computationally more intensive than backward 
models. Besides these two highly refined software, Rizzoni et al. (1999) used high-level, 
unified power flow concepts, defined a general structure for each sub-system, and 
parameterized the structure’s characteristics to allow for design study; Lin et al. (2000) 
developed a vehicle simulation model in Matlab/Simulink, which was applied to a power 
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management optimization study. But these models have not been applied to power-split 
configurations.  
As attention was drawn towards power-split HEVs, studies on their powertrain 
systems modeling became popular. Zhang et al. (2001) derived a dynamic model to 
evaluate the transmission performance. This model focused on a particular dual-mode 
powertrain design. Rizoulis et al. (2001) presented a mathematical model of a vehicle 
with a power-split device based on the steady-state performance. A split-type hybrid 
vehicle model was developed by Zhang et al. (2004) to apply sequential quadratic 
programming to achieve the optimal control algorithm. Miller (2005) summarized the 
models of current power-split HEV architectures. A comparative analysis of the system 
efficiency among different power-split configurations was done by Conlon (2006), who 
used a mathematical model to present the gear split ratios regardless of the powertrain 
designs. Despite these early efforts, to our knowledge a complete power-split HEV 
forward-looking dynamic model that is suitable for both configuration design and 
control-algorithm development does not yet exist in the literature. Such simulation model 
needs to be complex enough to accurately describe the powertrain dynamics, and yet 
simple enough to be used in iterative optimizations. It is also important for this model to 
be flexible enough to cover a wide variety of different designs. 
1.3.2. Configuration Design of Power-Split HEVs  
The configurations of power-split HEVs can be varied with different engine-to-
gear connections, motor-to-gear connections, or clutch-to-gear connections. Besides 
serving the purpose of power transferring, these different gear train linkages allow 
different kinematic relations between the power source components and provide different 
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powertrain operating options. As mentioned before, the Toyota Hybrid System is a 
single-mode power-split design (Koide et al., 1999). It has been modified with different 
gear linkage to achieve motor torque multiplication for heavier vehicles in recent years 
(Hermance and Abe, 2006). Schmidt (1996a) from GM introduced the concept of multi-
modes on a power-split system based on the conventional transmission design 
knowledge. Although the planetary gear with electric machines provides CVT type of 
operation, having multi-gear modes on different driving scenario can be beneficial for 
overall transmission efficiency and relax the constraints on power source components. 
Investigation on this direction was continued and numerous designs with gear train 
variations can be found in the literature (Schmidt, 1996b; 1996c; Holmes and Schmidt, 
2002; Schmidt, et al., 2006, etc.) Some of these designs consist of two planetary gears 
(Holmes et al. 2003; Ai and Mohr, 2005) and some of these designs consist of three or 
more planetary gears (Schmidt, 1999; Raghavan et al., 2007). For a single planetary gear, 
there are three gear nodes that can be used to link to other gears or power sources. More 
planetary gears provide more flexibility in gear gains and gear shifting options. With this 
large number of configuration possibilities, there can be thousands of design options for a 
power-split vehicle. This provides great freedom for the hybrid vehicle design, but the 
tasks of exploring various designs and finding the optimal solution with the best control 
execution become challenging. 
To design a power-split hybrid vehicle, the engineer typically first selects one, 
among many different configurations, to focus on. The design parameters (e.g., motor 
size, battery size, planetary gear sizes, etc.) and control strategy then need to be 
determined. Obviously, to achieve near-optimal overall performance, an iterative process 
 18
 
needs to be executed. However, the problem for this approach is that even with the 
optimal performance, how one can claim the selected configuration offers the best 
solution among all possible configurations. To achieve this goal, the exact same process 
from selecting another configuration and iteratively approaching the optimal performance 
has to be repeated. Moreover, only when the optimal performance is gained for each 
configuration, then the comparison between them is a sensible exercise. With the 
numerous options for the configuration design variations, such an iterative process only 
can be achieved with a systematic method with many underlying techniques, which 
including automated model generation and simulation with optimal design and optimal 
control techniques. 
Computer-aided method for gear design is not a new concept (Achtenova and 
Svoboda, 2003). In fact, many systematic ways to search among different designs have 
been proposed for transmission designs (Freudenstein and Yang, 1972; Kaharaman et al., 
2004). The studies on power-flow analysis of planetary gear trains were mostly 
performed as a part of efficiency formulations. Pennestri and Freudenstein (1993a; 
1993b) and Hsieh and Tsai (1998) showed good examples of such investigations. 
Pennestri and Freudenstein (1993a) used the same fundamental circuits proposed earlier 
(Freudenstein and Yang, 1972) for a complete static force analysis. Hsieh and Tsai 
(1998) applied a similar formulation in conjunction with their earlier kinematics study 
(1996) to determine the most efficient kinematic configurations. The work by Castillo 
(2002) further generalized the efficiency formulations of gear trains formed by single- or 
double-planet arrangements. In this dissertation, a computer-aided method to study the 
power-flow on planetary gear trains in a power-split HEV is introduced. It opens a door 
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for investigating massive number of designs and approaches the optimal solution 
systematically.  
1.3.3. Control of power-split HEVs 
In the control of power-split hybrid vehicles, two-level hierarchical control 
architecture is commonly used (Figure 1.10). On the lower level, every sub-system (e.g., 
engine, motor, battery, etc.) is equipped with sensors, actuators, and a control system to 
regulate its behavior. On the higher level, a supervisory control system represents a 
vehicle-level controller that coordinates the sub-systems to satisfy certain performance 
targets (e.g., fuel economy). It must determine the desired output to be generated by the 
























Figure 1.10: Hierarchical control architecture of a power-split hybrid electric 
vehicle. 
In general, the supervisory control strategies of hybrid vehicles in the existing 
literature can be classified into three categories. The first type employs heuristic control 
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techniques such as control rules/fuzzy logic for control algorithm development. This 
approach is based on the concept of load-leveling, which attempts to operate the internal 
combustion engine in an efficient region and uses the reversible energy storage device 
(e.g., battery or ultracapacitor) as a load-leveling device to provide the rest of the power 
demand (Jalil et al., 1997; Rahman et al., 2000; Jeon et al., 2002). A popular strategy is to 
adopt a rule-based structure in the control logic by defining a set of thresholds through an 
optimization process (Piccolo et al., 2001; Wipke et al., 2001). There has been much 
other research on the implementation of load-leveling and charge-sustaining strategy by 
using a fuzzy logic technique (Farrall et al., 1993; Lee and Sul, 1998; Schouten et al., 
2002). The second approach is based on instantaneous optimization methods that decide 
at any moment the proper split between the energy sources by minimizing a cost 
function. Equivalent consumption minimization strategy (ECMS) is a typical example of 
the instantaneous optimization. In this strategy, electric power is translated into an 
equivalent (steady-state) fuel rate to calculate the overall fuel cost (Kim et al., 1999; 
Paganelli et al., 2000; Paganelli and Ercole et al., 2001; Paganelli and Tateno et al., 2001; 
Won et al., 2005). A recently developed method, the adaptive-ECMS technique (Pisu et 
al., 2004; Musardo et al., 2005), periodically refreshes the converting factor according to 
the current road load to sustain the battery SOC. The third approach is based on 
optimization methods that optimize a cost function over a time horizon. A popular 
method used is dynamic programming (DP), which calculates the optimal control signals 
over a given driving schedule (Lin et al., 2001; Lin, Peng, Grizzle, Liu et al., 2003; Lin, 
Peng, Grizzle, and Kang, 2003; Zhang et al., 2004). Another method, developed by 
Delprat et al. (2001; 2004), applied optimal control theory by (Lewis and Syrmos, 1995) 
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to achieve global optimal strategy. The solutions from all these approaches are optimized 
with respect to a specific driving cycle and might be neither optimal nor charge-
sustaining under other cycles. To solve this problem, Lin et al. (2004) proposed a 
stochastic dynamic programming (SDP) method, in which the vehicle model is 
deterministic but the driver power demand is stochastic. This reflects the fact that the 
optimization is not for any specified driving cycle but rather for general driving 
conditions with known power demand probabilities. This approach is also 
computationally extensive and to avoid such a problem, Kim and Peng (2006) suggested 
a parameterizable, near-optimal controller inspired by SDP, and Tate (2006) quantized 
the state space and solved a shortest path SDP by using a combination of linear 
programming and barycentric interpolation. 
Despite these efforts of the supervisory control development, the development of 
the control strategies for the power-split hybrid vehicle systems is still worth of 
investigating. Firstly, the power-split system offers more control inputs and more flexible 
operating options than other vehicle systems. As a result, the optimal control 
development that involves with intensive computation (e.g., DP) faces more challenges 
that never occur before. Secondly, the powertrain configuration of a power-split HEV 
compromises extra kinematic constraints between different power sources which imply 
modifications in the existing control strategies. Thirdly, to our knowledge there has not 
been any comparison between different optimal control strategies on the power-split 




This dissertation focuses on the process of power-split HEV modeling, design, 
and control optimization. A dynamic power-split hybrid vehicle simulation model is 
derived with a universal format created to present different powertrain configurations. 
Using this model, a combined configuration design and control optimization strategy is 
proposed for power-split HEVs. As shown in Figure 1.11, the iteration between the 
configuration design evaluation and automated model generation will provide an optimal 
solution for a power-split HEV with its benchmark performance. Different control 
optimization strategies are then applied to approach this benchmark. The main 
contributions of the dissertation include the following: 
• A forward-looking dynamic model is created for power-split hybrid electric 
powertrain systems. The supervisory powertrain controller, driver model, and sub-
system models (e.g., engine, power-split device, motor/generator, battery, and vehicle 
dynamics) are integrated to perform a closed-loop simulation. This simulation tool can 
be used to analyze the interaction between sub-systems and evaluate vehicle 
performance using measures such as fuel economy and drivability. 
• A math-based universal model format is created that presents different designs of 
power-split powertrains. This universal model format presents the powertrain 
dynamics regardless of the various connections of engine-to-gear, motor-to-gear, and 
clutch-to-gear. With such a model format, a technique to quickly and automatically 
generate dynamic models for power-split hybrid powertrains is developed. This 
technique automates the process from powertrain design to dynamic model, and makes 
it possible to explore and evaluate many different configurations systematically. 
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• With the help of the automatically-generated dynamic power-split models, possible 
configuration designs can be systematically explored and screened. A design screening 
process is developed based on various design requirements including feasibility, 
drivability, power source component sizing, transmission efficiency, and possible 
mode shifting. 
• A optimal control design procedure based on deterministic dynamic programming 
(DDP) is adopted in the power-split HEV fuel efficiency optimization study. DDP is 
employed to find the optimal operation of the power-split system and achieve the 
benchmarks for different powertrain configurations. The results are then applied to 
compare and evaluate different designs. This approach provides design engineers with 
fast, quantitative analysis of the power-split hybrid powertrain systems.  
• With the DDP suggesting the potential performance benchmark of the selected 
powertrain configuration, two implementable control strategies are developed to apply 
to the power-split hybrid vehicles. The first design is based on the stochastic dynamic 
programming (SDP), which solves the power management problem based on a 
stochastically generated driver model. The second control design is developed from 
the equivalent consumption minimization strategy (ECMS), an instantaneous 
optimization concept. The configuration of the power-split system enforces more 
constraints to both of the control strategies. Both algorithms provide state-feedback 












Figure 1.11: Combined configuration design and control optimization procedure. 
1.5. Outline of the Dissertation 
The organization of this dissertation is as follows. After the introduction in 
Chapter 1, the development of an integrated model for power-split hybrid electric 
vehicles is presented in Chapter 2. This model is further generalized to a universal format 
in Chapter 3. Based on this format, a method of automatically generating power-split 
powertrain models is proposed. This method allows us to systematically explore possible 
design candidates and approach optimal design and control solutions. Chapter 4 presents 
the configuration screening process and Chapter 5 presents the design and control 
optimization process. The optimal control in Chapter 5 benchmarks the potential 
performance in the optimal design. Two implementable control strategies by SDP and 
ECMS are developed in Chapter 6, which can be applied in real-time and approach the 
performance benchmark. Finally, a summary of this dissertation and suggested future 




DYNAMIC MODELING OF POWER-SPLIT HYBRID VEHICLES 
In this chapter, a forward-looking simulation model is developed for power-split 
hybrid vehicles. This simulation model is applied to construct two virtual vehicles. The 
first one is the Toyota Prius. Most of the component parameters came from the 
ADVISOR software (National Renewable Energy Laboratory, 2005) and the published 
vehicle specifications (Toyota Motor Corporation, 2007). In year 2004, The THS is 
redesigned as THS-II, which provides significant vehicle performance improvement. 
Muta et al. (2004) compared the THS with the THS-II. The enhancement from the first 
generation to the second generation includes bigger component sizing, higher efficiency, 
and increased generator operating range. It appears that the power-split gear set remains 
as a single-mode system—i.e., the basic dynamic equations governing the vehicle remain 
unchanged. Due to the fact that much more information was available about THS (Duoba 
et al., 2000, 2001; Ng et al., 2001; Rousseau et al., 2001), compared with THS-II 
(Kawahashi 2004), a dynamic model based on THS is developed. 
The second vehicle is a super-sized High Mobility Multi-purpose Wheeled 
Vehicle (HMMWV) with a dual-mode power-split Allison Hybrid System. The 
HMMWV is heavier than a stock version with additional armor and weapon on-board 
(Filipi et al., 2006). A suite of vehicle models developed in the Automotive Research 
Center (ARC) at the University of Michigan provided a foundation for this modeling 
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work. Various subsystem models have been integrated in Simulink as a common 
simulation environment to produce a tool for conventional vehicle simulation dubbed 
Vehicle Engine SIMulation - VESIM (Assanis et al., 2000). This platform has 
subsequently been expanded and utilized for investigating a number of research issues 
related to hybrid truck propulsion (Lin et al., 2001; Wu et al., 2004, Filipi et al., 2004, 
2006; Liu et al., 2007). This model is updated with the dual-mode power-split powertrain 
and served as the platform to apply the combined design optimization and control 
optimization described in Chapter 4 and Chapter 5. 
2.1. Overall Architecture 
The simulation model is implemented in the Matlab/Simulink environment, as 
shown in Figure 2.1. A virtual driver is designed to follow a prescribed driving cycle, i.e., 
a speed trajectory specified over time. This modeled driver compares the reference 
vehicle speed and the actual vehicle speed to make driving/braking decisions. The 
decision commands are sent to the power management controller, which determines 
proper actions of power powertrain sub-systems. The rest of the modules represent the 
mechanical and electrical dynamics of the power-split HEV powertrain, which includes 
the power flows between the engine, motor/generators, and battery. The sub-system 




Figure 2.1: The overall architecture of a power-split HEV in Matlab/Simulink. 
2.2. Sub-Systems/Components Modeling 
2.2.1. Planetary Gear Set 
The planetary gear, which mechanically connects the power from all three power 
sources, is the key device in a power-split HEV powertrain. It consists of three rotating 
axles, or nodes: the sun gear, the carrier gear, and the ring gear (as shown in Figure 2.2). 
These nodes are linked by a few small pinion gears. As a result of the mechanical 
connection through gear teeth meshing, the rotational speeds of the ring gear ωr, sun gear 
ωs, and the carrier gear ωc satisfy the following relationship at all times 
 )( SRRS crs +=+ ωωω  (2.1) 
where R, and S are the radii (or number of teeth) of the ring gear and the sun gear, 
respectively. Because of this speed constraint, a planetary gear only has two degrees of 







Figure 2.2: Composition of the planetary gear set. 
Figure 2.3 shows the free body diagram of the planetary gear set. The mass of the 
pinion gears is assumed to be small and the pinion gears simply serve as an ideal force 
transfer mechanism. The dynamics of the gear nodes are then obtained as 
 rrr TRFI −⋅=ω  (2.2) 
 SFRFTI ccc ⋅−⋅−=ω  (2.3) 
 sss TSFI −⋅=ω  (2.4) 
where Tr, Ts, and Tc are the torques on the ring gear shaft, the sun gear shaft, and the 
carrier shaft, respectively, and Ir, Is, and Ic are the corresponding inertia. F represents the 
internal force between the pinion gears and other gears. 
If we further ignore the inertia of ring, carrier, and sun gears, from (2.2), (2.3), 
and (2.4), the torque signals on each node satisfy 
  0=++ crs TTT   (2.5) 
And the power conservation of the whole gear system leads to 
 0=++ ccrrss TTT ωωω  (2.6) 

















Equation (2.7) indicates that the torque input to the carrier gear is split by a fixed ratio to 




Figure 2.3: Force analysis on a planetary gear set. 
A planetary gear can be used not only as a power-split device as explained above, 
but also as a power-ratio device if any of the three gear nodes is locked to the ground. If 
the ring gear node is locked, i.e., the ring gear speed is zero, then equation (2.1) now 
becomes 
 ( )s cS R Sω ω= +  (2.8) 
Since there is no power flow through the ring gear, the power conservation between 







=  (2.9) 
The planetary gear is nothing but a power gear ratio. 
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The lever diagram representation is applied in this study for the gear linkage 
analysis. It was first introduced by Benford and Leising (1981) to present the speed 
constraint and simplify the torque analysis for the planetary gear set. As shown in Figure 
2.4, the three gear nodes can be presented with vector length presenting the rotational 
speeds. Equation (2.1) then guarantees that the three gear nodes form a straight line. Note 
that positive speed is defined as clockwise when facing the gear sets, and as pointing to 






ss T,ω  
Figure 2.4: Planetary gear set and lever diagram. 
2.2.2. Engine 
The engine model is a look-up table that provides brake torque as a function of 
instantaneous engine speed and normalized fuel-injection rate. The engine transient 
response due to fuel injection and spark-timing control is ignored, and the working 
condition assumes constant average level. A BSFC map is implemented to calculate the 
fuel consumption. Figure 2.5 and Figure 2.6 show the Toyota Hybrid System engine 
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The two permanent magnet AC motor/generators (MG), one at 15 KW (MG1) 
and the other at 35 KW (MG2) for THS vehicle, are both modeled using the motor 
equations published in the ADVISOR software. Simple electrical dynamics are used 
because they are much faster than the mechanical dynamics. The MG is assumed to be 
controlled to reach its demand torque with a small time delay. This delay is approximated 
by a first-order lag function. The power supplied to the MG is represented by 
 kMG MG MG MGP T ω η=  (2.10) 
where TMG and ωMG are the torque and rotational speed, respectively. If the velocity and 
torque of the MG are of the same signs (i.e., both positive or both negative), the power is 
positive, which means the motor is consuming energy. Similarly, if the signs of velocity 
and torque are different (i.e., one positive, the other negative), the MG is generating 
energy. k is the sign of the power flow direction. When the MG is consuming energy, k=-
1 and the power flows in from the battery to the MG. When the MG is generating energy, 
k=1 and the power flows out from the MG to the battery. The efficiency ηMG accounts for 
the energy lost from both the MG and other accessories, including the power converter 
and controller, which are not modeled. The efficiency is a function of motor torque and 


























































































































































Figure 2.8: Efficiency map of the MG 2 (35 kW). 
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2.2.4. Power Storage Device (Battery) 
The power requirements from the two MGs are supplied by the power storage 
device (battery) as 
  (2.11) 1 1 1 1 2 2 2 2( )
k k k k
batt MG MG MG c MG MG MG cP T Tω η η ω η η= +
As mentioned before, k is the sign of the power flow direction as explained in section 
2.2.3. When the battery is discharged, k=-1 and the power flows away from the battery. 
When the battery is charged, k=1 and the power flows to the battery. ηc represents the 
efficiency of the power converter. 
The battery model is an equivalent circuit with an internal resistance R, as shown 
in Figure 2.9. The open circuit voltage Voc and R are both state-dependent parameters. 
They are lumped representations of complex chemical process, and are known to be 
functions of the battery’s state of charge (SOC) and temperature. The battery temperature 
is assumed to be constant (20 °C) and the temperature effect is ignored. The dependency 






Figure 2.9: Internal R battery model. 
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Figure 2.10: THS battery lookup tables (R and Voc against SOC). 
The SOC represents the electrical status of the battery and depends on the 





= −  (2.12) 
where Qmax is a function of temperature, and hence is approximated as a constant in this 
model. Battery current Ibatt is a function of Voc, R and it relates to the battery power output 
according to the relationship 
  (2.13) battbattbattocbatt RIIVP
2−=
From the quadratic equation (2.13), we have 




A driver model is designed to follow the driving cycle, which is a speed trajectory 
specified over time. The driver is modeled as a PI feedback controller, as shown in Figure 
2.11. The speed error between the actual vehicle speed and the desired speed is calculated 
and normalized before it is sent to the PI controller. In order to avoid saturation of the 
integral part, an anti-windup scheme is applied. Like a human driver, the driver model 
generates gas pedal command or braking pedal command (normalized between -1 and 1). 
The pedal command is then sent to the supervisory power management controller. 
 
Figure 2.11: Driver Simulink model. 
2.3. The Powertrain Modeling 
A power-split HEV is different from other hybrid powertrains in terms of how to 
connect the power sources and the drive axle with the power-split device. Modeling of 
two specific drive trains, a single-mode and a dual-mode system, for the two virtual 
vehicles (THS and HMMWV) are introduced in this section. These models will be further 
simplified with a unified matrix format introduced in the next chapter.  
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2.3.1. Model of a Single-Mode Powertrain (Toyota Hybrid System) 
The THS adopts a single-mode system as introduced in section 1.2.3. Figure 2.12 
shows the free body diagram of the THS powertrain, with the rotational degrees of 
freedom shown in (conceptually) translational motions. The planetary gear system is 
represented by one lever diagram, which shows the internal torques between the gears 





















Figure 2.12: Free body diagram of the THS powertrain. 
Outside of the planetary gear, the three power sources each exerts a torque to their 
respective gears to affect the vehicle’s motion. Positive engine torque and motor torque 
(to the right) result in vehicle acceleration. For the MG1 rotational dynamics at the sun 
gear node, the governing equation is 
 1 1 1MG MG s MGI T Tω = +  (2.15) 
where TMG1, ωMG1, and IMG1 are the MG torque, speed, and inertia, respectively. From 
Equations (2.4) and (2.15), we have 
 1 1( ) 1MG MG s MGI I F S Tω + = ⋅ +  (2.16) 
Similarly, at the carrier gear node, the engine speed is governed by the equation 
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 ceee TTI −=ω  (2.17) 
where Te, ωe, and Ie are the engine torque, speed, and inertia, respectively. From 
Equations (2.3) and (2.17), we have 
 SFRFTII ecee ⋅−⋅−=+ )(ω  (2.18) 
The equation for the ring gear includes the dynamics of the vehicle because the 
final wheel shaft is connected to the ring gear node. Since the vehicle longitudinal 
dynamics is the dominating factor for fuel consumption, dynamics in other degrees of 
freedom are ignored. Furthermore, to simplify the equation we assume there is neither 
tire slip nor efficiency loss in the driveline. However, these assumptions might result in 
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⎡ ⎤+ = + − + +⎢ ⎥⎣ ⎦
 (2.19) 
where 0.5ρACd presents the aerodynamic drag resistance, fr is the rolling resistance 
coefficient, IMG2 is the inertia of the motor, K is the final drive ratio, m is the vehicle 
mass, Rtire is the tire radius, Tf is the brake torque applied by the friction brake system, 
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⎡ ⎤+ + = + ⋅ − + +⎢ ⎥⎣ ⎦
 (2.20) 
Equations (2.16), (2.18), and (2.20) represent the governing equations of the 
rotational motions of the MG1, engine, and MG2 (proportional to the vehicle), 
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Equation (2.21) relates the torques and forces with the angular accelerations of the three 
power sources. Differential equations can then be obtained by inverting the matrix. 
Although there are four equations, one of them shows the speed relations and one tracks 
the internal force F which can be eliminated. Therefore, there are only two state variables 
for the mechanical path.  
On the electrical path, the dynamics can be represented by the SOC of the battery. 
Based on Equations (2.11), (2.12), and (2.14), we have 
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k k k k
oc oc MG MG MG c MG MG MG c batt
batt
V V T T R
SOC
R Q
ω η η ω η η− − +
= −  (2.22) 
which, together with Equation (2.21), provides a three-state model of the THS 
powertrain. 
2.3.2. Model of a Dual-Mode Power-Split Powertrain (Allison Hybrid System) 
In the modeling perspective, the difference of a dual-mode power-split system 
involves additional planetary gears and clutches compared to a single-mode system. The 
linkages between planetary gear sets provide different kinematic relationship between the 
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gear nodes. The gear shifting with clutches change these linkages into different modes. 
As an example, a dual-mode system with two planetary gears and two clutches (Holmes 
et al., 2003) are modeled in this section. Two different sets of dynamic equations are 
derived to represent the model in the two modes. Gear shifting between the two modes is 
modeled as switching between the two models. 
Figure 2.13 shows the free body diagram of this dual-mode powertrain system 
mechanical path. The planetary gear (PG) sets are represented by two levers in the middle 
of the diagram. R1, S1 and R2, S2 represent the ring gear and sun gear radii of the PG1 and 
PG2, respectively. F1 and F2 represent the internal forces between the pinion gears and 
the sun gears or ring gears. There are two clutches (CL) in the system, shifting between 
the two modes is achieved by switching the engagement of the two clutches. The 




















Figure 2.13: Free body diagram of the dual-mode powertrain. 
In the input-split mode, CL1 is engaged and CL2 is released. The ring gear of 
PG2 is thus grounded. The speed constraint on PG2 then becomes 
 22222 )( RSR rc ωω =+  (2.23) 
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where ωc2 and ωr2 are the rotational speeds of the carrier gear and the ring gear of PG2. 
PG1 satisfies the speed constraint 
 1111111 )( SRSR src ωωω +=+  (2.24) 
where ωc1, ωr1, and ωs1 are the rotational speeds of the carrier gear, ring gear, and sun 
gear of PG1. By applying the Euler’s Law for the ring gear node of PG1, carrier gear 
node of PG1, sun gear node of PG1, and carrier gear of PG2, respectively, we have 
 221122122 )( SFRFTIII MGsrMGMG ⋅+⋅+=++ω  (2.25) 
 )()( 1111 SRFTII ecee +⋅−=+ω  (2.26) 
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 (2.28) 
Here, similar to (2.19), Equation (2.28) includes only the longitudinal dynamics. 
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0  (2.29) 
where the first four rows are from Equations (2.25) to (2.28) and the last two rows 
represent the speed constraints of the two planetary gears. The dynamics of the engine ωe, 
electric machines ωMG1 and ωMG2, and output carrier gear speed ωout (which is 










2 1 2 1 2
1




0 0 0 0
0 0 0 0















fb r tire d
I I R S
R m I R S
K
I I S
I I I R S
F R S S R
F R S S
T








⎡ ⎤ ⎢ ⎥⎢ ⎥ ⎢ ⎥+ +⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎢ ⎥+ −=⎢ ⎥ ⎢ ⎥⎢ ⎥ + + − −⎢ ⎥⎢ ⎥ ⎢ ⎥+ − −⎢ ⎥ ⎢ ⎥⎢ ⎥⎣ ⎦ ⎢ ⎥+ −⎣ ⎦



























In the compound-split mode, the clutch CL2 is locked and CL1 is released. The 
ring gear of PG2 rotates at the same speed as the sun gear of PG1. Follow a similar 
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Equation (2.30) and (2.31) present the powertrain system dynamics of the two 
operating modes. These two operating modes can be switched between one to another by 
a controlled synchronizing clutch shifting (Holmes et al., 2003). The synchronizing or 
“stepless” clutch shifting operation is possible by controlling the speeds of the electric 
machines. This mode shifting process is demonstrated in Figure 2.14. The planetary gear 
connections are displayed on the left hand side and the speeds of the other components 
are highlighted on the right hand side. At low speeds (Case a-c in Figure 2.14), the 
powertrain is in one operating mode, CL1 is locked to the ground. The speed of MG2 is 
thus proportional to the output vehicle speed. By controlling the speed of MG1, the 
engine speed remains close to the optimal point (assume constant in this demonstration). 
As the vehicle speed goes up and reaches a threshold, the sun gear of PG1 along with 
MG1 slows down to zero speed (Case c-d in Figure 2.14). At this point, CL2 can be 
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engaged and CL1 can be released simultaneously. This leads to the second operating 
speed mode. Since the mechanical linkage of the gear sets are changed, the new speed 
constraints allow MG1 to operate at the same speed range but with the vehicle speed at a 
higher level (Case d-f in Figure 2.14). The engine speed is controlled to maintain a 
constant speed through out this process despite the fact the vehicle speed increases from 
















































































Figure 2.14: The synchronized mode shifting of the dual-mode power-split powertrain 
(The engine speed is assumed constant). 
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Based on this mode-shifting process, if we ignore the dynamics during gear shifts, 
up-shift and down-shift are treated as nothing but switching between the two models. As 
shown in Figure 2.15, when the controller commands to switch modes, simulation 
outputs are switched from one model block to the other. 
Although the mechanical path of this dual-mode powertrain is very different from 
the single-mode system, the battery dynamics stay the same. As a result, Equation (2.22) 
still applies to this dual-mode powertrain system. This fact simplifies the design searches 
introduced in the later chapters.  
 
Figure 2.15: Simulink model for a dual-mode power-split powertrain. 
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2.4. Validation of the Powertrain Dynamic Model 
The experimental results found in the literature are used to validate the vehicle 
systems constructed in this chapter. To achieve this validation, the same control logic 
from the real vehicle needs to be considered and implemented in the simulation. 
Hermance (1999) presented the basic idea of the rule-based control logic of the THS 
system. The next paragraphs describe a rule-based control strategy following these 
references to approximate the control law used in the THS.  
As shown in Figure 2.16, the driving forces can be provided by MG2 and/or the 
engine. When the power demand is low, the vehicle speed is low, and battery SOC is 
sufficiently high, MG2 works alone to drive the vehicle. When the power demand is high, 
or the battery SOC is too low, the engine will start to supply the power. MG1 cooperates 
with MG2 to help start the engine. Within the engine operating range, the engine power is 
split through the planetary gear system. Part of the power goes to the vehicle driving axle 
through the ring gear. The rest drives the MG1 to charge the battery and/or directly 
supply power to MG2. As the power demand keeps increasing, the engine might be 
forced to operate outside of its efficient range. In those cases, MG2 can provide assistant 


















Figure 2.16: Power distribution of the Toyota Hybrid System (Hermance, 1999). 
When the vehicle decelerates, the regenerative control system commands the 
MG2 to operate as a generator to recharge the battery. The friction brake is used 
whenever the requested braking power exceeds the capability of the MG2 or the battery. 
The engine and other components in the THS are set to free-rolling. Table 2.1 
summarizes the ideas discussed above. 
Table 2.1: Rule-based THS powertrain control strategy. 
Conditions Engine MG2 MG1 
Pd<0 (braking) 0 Max(Pd, Pmmax) 0 
Pd<Pev w/o 





Pd>Pemax Pemax Pg+Pbatt Pe-Pr
The power transfer efficiency is not shown in this table. 
Pd = driver demand power, Pmmax = motor regenerative maximum power, Pev = 12 kW, electric launching 
boundary power, Pch = battery charging demand power, Pg = generated power, Pr= power transferred from 
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engine to the ring gear, Pe = engine output power, Pemax = 40 kW, maximum engine output power, Pbatt = 
battery output power. 
 
Figure 2.17 compares the simulation results with the experiment results from 
(Duoba et al., 2001). Considering the fact that we do not know precisely the control 
gains, and considering all the simplifying assumptions we made, the behavior of this 
model was found to agree with the actual system quite well. 












































time (sec)  
Figure 2.17: THS Engine simulation results compared with published experiment results 
(Duoba et al., 2001) under the same driving cycle. 
There is no experimental data published on the dual-mode power-split Allison 
hybrid system in the literature. And the specifications for the GM hybrid vehicles are not 
yet available either. This makes it difficult for us to validate the dual-mode power-split 
powertrain model. Here we run the model in simulation to study the component speeds 
and compare the results to the conceptual plot from (Holmes et al., 2003). In this 
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simulation, the engine speed is kept constant under increased vehicle speed. The speeds 
of the two electric machines match the results from the reference (See Figure 2.18).  
 
 (a) (b) 
Figure 2.18: AHS powertrain simulation results (a) compared with published patent 




AUTOMATED MODELING OF POWER-SPLIT HYBRID VEHICLES  
The powertrains described in Chapter 2 present just two examples of the many 
possible designs for power-split HEVs. Powertrain configurations with different gear-to-
engine, gear-to-MG, and gear-to-clutch connections can be found in the literature 
(Schmidt, 1996; Holmes and Schmidt, 2002; Holmes et al., 2003; Ai and Mohr, 2005; 
Raghavan et al., 2007). The manual powertrain model development process, as presented 
in Chapter 2, can be applied to these powertrain designs. But to explore a large number of 
configurations, this process becomes tedious. Mistakes frequently happen in hand 
derivation process, especially wrong sign conventions or erroneous use of gear teeth 
numbers. 
In this chapter, the powertrain model developed in Chapter 2 is further 
generalized and a universal format is introduced. Applying this new concept, derivation 
of dynamic models can be simplified and automated. This allows a large number of 
configuration designs to be analyzed and simulated. Furthermore, this math-based model 
can be used to systematically evaluate many vehicle performances (e.g., mode shifting, 
transmission efficiency, etc.) with the design requirements. Valuable design solutions can 
be then generated automatically. The detail process is explained in the next chapter. 
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3.1. The Universal Format of the Model Matrix 
First, let’s revisit Equation (2.29) from Chapter 2. The matrix constructed from 
the dynamic equations on the left relates the input torques to the rotational accelerations 
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where J is a diagonal matrix that presents the inertia on each gear node; transpose 
matrices D and DT show the gear train connections of the powertrain. Forced by these 
gear train connections, the geometric constraints affect both the torque and speed on each 






⎡ ⎤Ω⎡ ⎤ ⎡
=⎢ ⎥
⎤
⎢ ⎥ ⎢ ⎥
⎣ ⎦ ⎣⎣ ⎦ ⎦
 (3.2) 
where Ω and T are the speed and torque vectors of the four nodes that connect to the 
engine, MG1, MG2, and vehicle. By introducing a matrix E calculated from J and D  
 DJE 2
1−=  (3.3) 
The dynamic equation (2.30) can be derived as  
 ( )1 12 ( )T TJ I E E E E J− −Ω = − 12T−  (3.4)  
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Equation (3.4) is the key dynamic equations with the universal format. The detailed 
derivation of it is explained as follows.  
Equation (3.2) can be further simplified by eliminating the internal forces and 
obtaining an equation that shows the relationship only between the input torques T and 
the speeds Ω. First Equation (3.2) can be rewritten as 
 
1 1 1 1
2 2 2 20 0 0
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J D TJ J J J
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which can be simplified to 
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T =+  (3.10) 
 0=AE  (3.11) 
 0=+
TT CEIB  (3.12) 
 IEB
T =  (3.13) 
From (3.12), TB CE= − T . Plug in to (3.13) we have  
 1( )TC E E −= −  (3.14) 
where the non-singularity property of  is used. The sub-matrix C is then substituted 
into (3.12). From (3.10), (3.12), and (3.14), we obtain 
TE E
 1( )T TA I E E E E−= −  (3.15) 
Finally, factor the square root of J terms out from T  and Ω . We obtain the relationship 
 
1 1
2 2J AJ T− −Ω =  (3.16) 
which is equivalent to (3.4). 
By introducing the universal model of the power-split powertrains, the modeling 
process now only requires the knowledge of kinematic connections (matrix D) and 
component inertia (matrix J). This enables an automated procedure to quickly translate 
the complex powertrain designs to dynamic models.  
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3.2. Automated Modeling Process 
In this section, construction rules will be defined on how to generate matrix D and 
matrix J based on the powertrain design. The dynamic model obtained from this process 
makes the following assumptions. Only the vehicle longitudinal dynamics are considered; 
There is no energy lost between the gear force transmission; The clutch engagement 
dynamics (if a clutch exists in the system) are ignored and the synchronizing shifting 
operation between different mode is achieved by switching between different models 
(Holmes et al, 2003; Grewe et al., 2007); The studied powertrain configuration only 
consists of one engine, two MGs, and one vehicle output shaft.  
Step 1: Determine the kinematic constraint matrix D 
Matrix D contains the information of the kinematic constraints. Based on the 
powertrain system configuration, one can apply the following rules to obtain matrix D.  
Rule 1: The number of columns of D is equal to the number of planetary gears. 
Rule 2: The number of rows of D is equal to the number of columns of D plus two, 
each representing a node on the lever diagram.  
It can be observed that for a single planetary gear (PG) in a power-split vehicle, 
three nodes are open to be connected. For a 2-PG set, although there are six gear nodes in 
total, a valid power-split design requires both PG to have two of their gear nodes 
connected. Here “connected” means a node is either connected to another node on the 
other PG, or to the ground. Therefore, the gear system has only two degrees of freedom 
(DOF). In other words, given any two speeds of any two nodes of the system, the speeds 
of all the other nodes are determined by the kinematic relations. This fact applies to three 
or more PG sets as well. Adding another PG increases one more node but the system still 
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has only two DOF. Since the row of the matrix D represents the nodes of the combined 
lever system, it is equal to the numbers of PGs plus two. 
Rule 3: For the power source component(s) at each row, a “node coefficient” should 
be entered. The “node coefficient” is equal to: -Si if connected to the sun 
gear; -Ri if connected to the ring gear; and Ri+Si if connected to the carrier 
gear. Here the subscript i represents the corresponding planetary gear set. 
Rule 4: Fill all other entries in matrix D with zeros. 
Rule 5: For 3 or more PGs system, after the original matrix D is obtained. It needs 
to be further simplified to a 4×2 matrix to construct the dynamic model. This 
is done by using the kinematic relations derived from the free-rolling node(s) 
that is not connected to any power source or vehicle. 
The process of rule 5 will be demonstrated in sections 3.3.2 and 3.3.3. 
Step 2: Determine the inertia matrix J 
Matrix J is a diagonal 4×4 square matrix. The entry of each diagonal term is equal 
to the inertia of each node. The node inertia is equal to the inertia of the power 





for the vehicle. Because the gear inertias are much smaller compared with the power 
sources and the vehicle, they can be ignored. Assume a convention that the first row of 
both matrix J and matrix D represents the engine node, the second row represents the 
output node connected to the vehicle, the third row represents the MG1 node, and the 
fourth row represents the MG2 node. The matrix J then has the format as in equation 




































J  (3.17) 
Step 3: Finalize the dynamic model 
After the matrices D and J are determined, the dynamic model can be constructed 
by using (3.3) and (3.4). In (3.4), Ω consists of the speeds of engine ωe, output shaft ωout 
(proportional to the vehicle wheel speed ωwh by a factor of final drive ratio 1K ), and 
electric machine(s) ωMG. T consists of the torques exerted at nodes corresponding to the 
respective Ω elements. For the output shaft, driving resistance torque from the vehicle 
2 31 0.5 ( )outfb r tire d tireT mgf R AC RK K
ωρ⎡− + +⎢⎣ ⎦
⎤
⎥  needs to be included. Finally, in addition to 
the mechanical path model, the electrical path model is generated using (2.22), while 
completes the dynamic model of the whole powertrain.  
3.3. Automated Modeling Demonstration 
Several examples are described in this section to demonstrate the automated 
modeling process. Some special cases are also studied to show the application of this 
modeling method. 
3.3.1. A double planetary gear powertrain 
A double-planetary power-split powertrain configuration (Ai and Anderson, 
2005) is used as the first example to demonstrate the application of the automated-
modeling process. This configuration, as shown in Figure 3.1, uses two planetary gear 
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sets. The engine is connected to the ring gear (R) of the PG1; the MG1 is connected to 
the sun gear (S) of the PG1; the MG2 is connected with the sun gear (S) of the PG2; the 
vehicle is connected with the carrier gear (C) of the PG2, which is also fixed with the 
carrier gear (C) of PG1. There are two clutches: CL1 is used for locking the ring gear of 
PG2 with the ground and CL2 is used for locking the ring gear of the PG2 and the sun 
gear of the PG1 together. Similar to the dual-mode powertrain we analyzed in the 
previous section, the powertrain system can operate in two different modes by switching 















Figure 3.1: The powertrain of a double planetary gear system. 
First, the mode with CL1 locked and CL2 released is modeled. Following the 
rules outlined in the previous section, because there are two planetary gears, the matrix D 
has two columns and four rows. The two columns represent the PG1 and PG2, 
respectively. As a convention, the nodes in Ω are the speeds of engine, vehicle, and then 
electric machine(s). Because the engine is connected to the ring gear of PG1, the element 
of the first row of the first column is -R1. Because both PG1 and PG2 carrier gears are 
fixed together and connected to the output shaft to the vehicle wheel, R1+S1 is entered 
into the (2,1) element and R2+S2 is entered into the (2,2) element. Because MG1 is 
connected to the sun gear of PG1, -S1 is entered into the (3,1) element of matrix D. 
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Because MG2 is connected to the sun gear of PG2, -S2 is entered into the (4,2) element. 
Finally, all the remaining matrix elements are filled with zeros. The D matrix is then 
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For the second mode, when CL1 is released and CL2 is locked, the only 
difference is that MG1 is connected to both the sun gear of PG1 and the ring gear of PG2. 
In this case, because the ring gear of PG2 is the new node to be connected with MG1, the 
element at the third row (the row has MG1) and the second column (the column 
represents the PG2) is a –R2 instead of zero. 
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If given the assumption that the planetary gear set have much smaller gear inertia 
compare to the power source components. The inertia of engine, vehicle, MG1, and MG2 
will be the four elements in the diagonal matrix J in (3.20) for this powertrain system no 






























Figure 3.2 demonstrates how this model generation process can be done with a 
graphic user interface in Matlab. On the left hand side, the design of the powertrain 
system can be specified by defining the connections between the gear node and power 
source components, and by defining the planetary gear gains. On the right hand side, a 
speed analysis figure can be generated immediately based on the automated model. As 
shown in this figure, assuming the engine speed is kept constant, the speeds of the two 
electric machines are functions of the vehicle speed. The same speed profiles were shown 
by Ai and Anderson (2005). 
 
Figure 3.2: GUI for the model rapid generation, which shows speeds of the engine and 
electric machines as functions of vehicle speed. 
3.3.2. A triple planetary gear powertrain 
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In this example, a three planetary gear (PG) powertrain (Schmidt, 1999) is 
selected to study the case with a free-rolling node. The additional PG brings the 
powertrain system one more free node, therefore, the matrix D is now a 5×3 matrix with 
the five rows correspond to the five nodes and three columns correspond to the three PGs. 
Except the one node connected to the vehicle final drive, there are apparently four nodes 
left that can be hooked up with engine and MGs. Because there are two MGs and one 
engine to be selected as the power sources, there is one node left without connecting to 
anything. This node is a free-rolling node. As a convention, the first row of matrix D is 
the node with engine, the second is the node with vehicle, the third and fourth are nodes 
with MGs, and the fifth row is the free-rolling node. 
Figure 3.3 shows the powertrain design of this 3-PG powertrain system. In the 
low speed mode, the CL1 is locked and CL2 is released. The engine is connected to the 
ring gear of the PG1, therefore, a node coefficient –R1 is entered into element (1,1). The 
vehicle final drive is connected to the carrier gear of the PG3, therefore, R3+S3 is entered 
into element (2,3). MG1 is connected to both ring gear of the PG2 and sun gear of the 
PG1, therefore, -S1 is entered into element (3,1) and –R2 is entered into element (3,2). 
MG2 is connected to both sun gears of the PG2 and PG3, therefore, -S2 is entered into 





















Figure 3.3: The powertrain of the triple planetary gear system in (Schmidt, 1999). 
The fifth row of matrix D corresponds to the node/shaft of both carrier gears of 
the PG1 and PG2 where there is no power source connected. The corresponding node 
coefficients, in this case, R1+S1 is entered into element (5,1) and R2+S2 is entered into 
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 (3.21) 
Following rule 5, this originally derived matrix D can be further simplified to a 
4×2 matrix D to construct the dynamic model. In (3.21), the fifth row corresponds to the 
free-rolling node that is not connected to any power sources. Because the gear inertia on 
this node is ignored, the dynamics are 













Because in matrix Dmode1, the first and second columns consist of the node coefficients 
that multiply with F1 and F2, respectively, relationship between these two forces in (3.23) 


























In the high speed mode, CL2 is locked and CL1 is released. Because of the 
change in gear linkage, the previous free-rolling carrier gear node is now connected to the 
vehicle final drive. The ring gear of the PG3, previously grounded by the CL1, becomes 
the free-rolling node. This means, now the fifth row of matrix D represents this node with 
–R3 entered into column 3, row 5. 
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 (3.25) 
Similarly as before, from the dynamics of the fifth row,  
 3 3 0R F− =  (3.26) 





















In both modes, the matrix J represents the power source inertia on each node and 
has the same format as (3.17). This example demonstrates the process of modeling a 3- 
PG powertrain system. The extra free-rolling node is used to calculate the relationship 
between the internal forces and the derived relationship simplifies the matrix D to a 4×2 
matrix. 
3.3.3. A compound planetary gear powertrain 
In this third and last example, a powertrain with a compound planetary gear 
(CPG) set is analyzed. A compound planetary gear set, also known as a Ravigneaux 
planetary gear, was invented by Ravigneaux (1953). Like a regular planetary gear set, it 
is commonly used in automatic transmissions to achieve different gear ratios. Some of the 
power-split HEV designs also implement such device for torque multiplication 
(Hermance and Abe, 2006).  
As shown in Figure 3.4, the CPG cosists of two tightly integrated planetary gear 
sets. The CPG set has two sun gears, a front sun and a rear sun, and a single carrier gear 
with two independent planetary gear wheels connected to it, an inner planet (short pinion 
gears) and an outer planet (long pinion gears). The carrier is one wheel but has two radii 
to couple with the inner and outer planets, respectively. The two planet gear sets rotate 
independently of the carrier but corotate with a fixed gear ratio with respect to each other. 
The inner planet couples with the front sun gear and corotates at a fixed gear ratio with 
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respect to it. The outer planet couples with the rear sun gear and corotates at a fixed gear 
ratio with respect to it. Finally, the ring gear also couples and corotates with the outer 
planet at a fixed gear ratio with respect to it. The CPG can be viewed as double PGs 
sharing the same carrier and ring gears. The kinematic constraints, therefore, can be 
presented by the following equations (Klages et al., 1997) 
 (r sr r c )rR S R Sω ω ω+ = +  (3.28) 
 ( ) ( )r sf f c fR S R Sω ω ω ⎡ ⎤+ − = + −⎣ ⎦  (3.29) 
where Sr and Sf represent the rear sun gear and front sun gear radius, respectively. These 
two speed equations have similar format as a normal planetary gear in (2.1) except Sf has 
a minus sign due to the different gear linkage of the CPG. The automated modeling 
process can also be applied with +Sf treated as the sun gear node coefficient of the front 









Figure 3.4: Composition of the compound planetary gear set. 
The example powertrain with a CPG is chosen from the literature, which is 
designed for the Toyota Hybrid System for the Lexus GS450. The CPG is used to achieve 
different torque multiplication ratios for the motor by engaging grounding clutches 
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(Hermance and Abe, 2006). The lever diagram representation of the powertrain is shown 
in Figure 3.5. By considering the CPG as a double-PG with same ring and carrier, this 
powertrain system then becomes a 3-PG system. Similarly to example 2, when CL1 is 
























where the first column of D represent the single PG connected with the engine and MG1, 
the second and third columns of D represent the double-PG of the CPG system. As the 
kinematic constraint in (3.29) differs from a regular PG with a negative sign on the sun 
gear radius, the corresponding node coefficient for Sf has an opposite sign (+) to regular 
case (-). Finally, as the front sun gear is the free-rolling node in this mode, following rule 
5, the fifth row of matrix D is used to find 
 0f fS F+ =  (3.31) 
where Ff represents the internal force on the front sun gear. Ff=0. This is because of the 
assumption that we ignored the inertia of the front sun gear. The internal force on the 










































⎢ ⎥− − +⎢ ⎥
⎢ ⎥= −
⎢ ⎥−⎢ ⎥
⎢ ⎥− −⎣ ⎦
 (3.33) 
From the fifth row (free-rolling node), 
 2 2 0f rR F R F− − =  (3.34) 





















In both modes, matrix J is the same as (3.17). This example shows that the proposed 
modeling process can be extended to a system with compound planetary gear set(s) with 


















Figure 3.5: The powertrain of the compound PG system in (Hermance and Abe, 2006). 
To conclude this Chapter, Table 3.1 summarized 6 popular power-split powertrain 
designs available in the literature. Their corresponding automated modeling matrix D are 
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also shown. This modeling process can be easily applied to possible configurations and 
allow us to systematically explore different designs. 
Table 3.1: Matrix D for the popular power-split powertrain designs. 

















































































































(Ai and Mohr, 
2004)  
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CONFIGURATION SCREENING OF POWER-SPLIT HYBRID VEHICLES 
The modeling process proposed in Chapter 3 helps the powertrain designers to 
quickly explore different configurations. Because each generated model represents a 
specific configuration, the automated modeling process can be used to systematically 
search possible design candidates and evaluate their performance. This enables the 
powertrain designers to study all possible designs and to quickly focus on a few high-
potential candidates. In this chapter, a configuration screening process is suggested for 
the power-split powertrain design. 
Before introducing the configuration screening process, it is important to first 
define what the design objectives are. These design objectives will be used in the 
screening process to eliminate invalid designs as well as to rank valid candidates. For 
example, drivability, engine efficiency, fuel consumption, emission, noise, electric 
machine efficiency, battery efficiency, battery life, etc. can be selected as design 
objectives. Another possibility is to impose vehicle performance objectives as inequality 
constraints while solving an optimization problem to minimize vehicle cost. The vehicle 
cost can include the cost of components, accessories, maintenance, etc. It is very difficult 
to tackle all these issues simultaneously because the model will have to be very 
comprehensive to predict all these factors accurately. Therefore, typically only a small set 
of performances and/or cost factors are considered. The design objectives to be 
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considered in this dissertation include feasible gear connection, sizing of power sources, 
vehicle drivability, feasible transmission configuration, and transmission efficiency. They 
are all major issues of power-split hybrid vehicle performance. 
The transmission studied in this chapter is limited to have 2 planetary gears (PG). 
Th e 
number of configurations to make the study interesting. On the other hand, designs with 3 
or more pl
configurations is very large. 
HMMWV with a specific 2-PG powertrain. But the question of whether the specified 
size HMMWV as a case study. The proposed design process is under the following 
assump
vehicle body, and final drive already given (Table 4.1). Secondly, the two electric 
screening process suggested in this chapter focuses on the effect of different powertrain 
is is because on one hand, design with a single planetary gear does not provide a larg
anetary gears become excessively complex and the number of possible 
In Chapter 2, we developed the dynamic model for a dual-mode super-sized 
configuration is optimal for the vehicle is not yet answered. In this Chapter, The 
configuration screening of the 2-PG dual-mode system is to be processed for the super-
tions. Firstly, the vehicle is assumed to be partially designed with the engine, 
machines are limited to have a total power of 60 kW and the battery is assumed to be 
sized to take the maximum power to/from the electric machines. This electric power limit 
is selected to make sure only a handful of configurations provide feasible solutions. They 
also represent, very crudely, cost and packaging constraints. Finally, because the 
configurations, the design parameters on each configuration are assumed to be typical 
values. These parameters include: MG1 and MG2 both are sized as 30 kW; all planetary 
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gear gains (defined as the ring gear radius divided by the sun gear radius) are equal to 2. 
A more completed parametric design optimization is developed in the next chapter. 
Table 4.1: Specifications for the super-size power-split hybrid HMMWV. 
Parameters Values 
Air drag coefficient 0.3 
Final drive ratio 3.9 
Frontal area 3.58 m2
Max engine power 180 kW 
Rolling resistance coefficient 0.008 
Total electric machines power 60 kW 
Vehicle mass* 5112 kg 
Wheel radius 0.287 m 
* Vehicle mass excludes that of the electric machines and battery. 
4.1. Physically Feasible Powertrain Configuration 
There are three steps in the suggested configuration screening process, in which it 
checks the powertrain physical feasibility, drivability, and efficiency, respectively. In the 
first step of the configuration screening process, the dynamic models are automatically 
generated for all possible configurations. Those configurations that are not physically 
feasible will be screened out. 
The automated dynamic model provides a one-to-one correspondence between the 
powertrain configuration and the model matrix. On one hand, given a configuration 
design, the corresponding kinematic matrix D can be derived using the rules presented in 
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Chapter 3. On the other hand, given a matrix D, the corresponding configuration is 
uniquely defined. For example, for the D matrix given in (4.1), the corresponding 
powertrain configuration can be derived as follows. The R1+S1 at the (1,1) element 
indicates that the engine connect 1 2 2
and (2,2) elements ind t connects t e ring gear of PG1 and 
the carrier gear o ) element indicates t onnection between MG1 
and the sun gear o  the (4,2) element indicates the connection between 
MG2 and the ring ge e absence of -S2 in the s lumn indicates that the 
sun gear of PG2 is grounded. As a result, the configuration identified by this matrix D 
can be drawn in Figure 4.1. The fact that there is a one-on lationship between the 






s to the carrier gear of PG1; -R  and R +S  at the (2,1) 
icate that the output shaf o both th
f PG2; -S1 at the (3,1 he c
f PG1; and -R2 at
ar of PG2. Th econd co
-one re





























Figure 4.1: The powertrain configuration identified by the example D matrix in (4.1). 
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The task of constructing the dynamic model for a 2-PG powertrain system is 
equivalent to generating matrix J and matrix D. The matrix J of the powertrain is fixed as 


























J  (4.2) 
The matrix D of the desired 2-PG powertrain is a 4×2 matrix with the two columns 
representing the two PGs. In each column, a power-split PG (defined in section 2.2.1) has 








two zeros and any two of the three node coefficients. Therefore, for a single column in a 
matrix D, there could be 24 different combinations for a power-split PG, 
 44 4! 24P = =  (4.3) 
and there could be 36 different combinations for a power-ratio PG. 
 2 23 4 3 (4 3) 36C P⋅ = × × =  (4.4) 
A valid power-split configuration must consist of at least one power-split PG. And 
changing the order of the two columns in the matrix D does not change the configuration 
design. Therefore, the total design combinations can be calculated as 
 24 24 / 2 24 36 1152× + × =  (4.5) 
where the part before the plus sign calculates the number of combinations with two 




bviously, not all of these 1152 designs are physically feasible. The unfeasible 
configurations need to be screened out. The method of justifying the feasibility of the 
n is explained as follows. There are two types of confi
feasible. The first type is when any row of the matrix D has two zeros, the power 
source/vehicle presented by that row is not connected to anything. Apparently this type of 
 that any two of 
e engine, MGs, and vehicle are not connected to 
e powertrain system 
violates the fact that the power-split powertrain configuration need to have two degrees 
her words, given any two speeds of engine, vehicle, and the two 
D is feasible for a 
ower-split powertrain if and only if the gear system has t
ratio PG and one power-split PG. There are 1152 different mathematical 
combinations in total for a two-PG power-split powertrain. This represents all 
mathematically possible designs of a 2-PG system. 
O
configuratio gurations that are not 
configuration is not feasible. The second type is when the configuration has the engine 
connected to the vehicle output directly (e.g., see Figure 4.2). There is no split power 
flowing to the vehicle through the electric machine. As a result, the design does not 
qualify as a power-split powertrain. Here note that in the automated modeling process, 
each node coefficient is entered only once if it appears. This guarantees
th the same gear node. 
In both infeasible configuration types that described above, th
of freedom (DOF). In ot
MGs, the other two speeds can not be determined in an infeasible configuration. And 
obviously, if a powertrain configuration does not have two DOF, it can not be a feasible 
power-split system. Therefore, a configuration identified by matrix 
























Figure 4.2: An unfeasible configuration that has the engine connected to the vehicle shaft. 
Matrix D can be used to check if the powertrain configuration has two DOF and 
hence identify if the design is feasible or not. Recall in the matrix D, the first and second 
rows correspond to the speeds of the input and output nodes, respectively; while the third 
and fourth rows correspond to the speeds of the two MGs. Therefore, matrix D can be 
further divided into two sub-matrices 
DD ... ⎡ ⎤
41 ...D




⎡ ⎤ ⎡ ⎤
⎣ ⎦
where DEV is the first two rows and DMG is the third and fourth rows. Substitute this new 
format of D into the original dynamic equation (3.2), 
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Ω = + =⎢ ⎥ ⎢ ⎥
⎣ ⎦ ⎣ ⎦
 (4.7) 









−⎡ ⎤ ⎡= −
⎤
⎢ ⎥ ⎢ ⎥














−⎡ ⎤ ⎡= −
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⎢ ⎥ ⎢ ⎥
⎣ ⎦ ⎣ ⎦
 (4.9) 
From (4.8), the speeds of MGs can be calculated if and only if the sub-matrix DMG has 
full rank. From (4.9), the speeds of engine and vehicle can be calculated if and only if the 
ranks f
iguration screening process, the vehicle drivability 
and the electric machines sizing constraints are considered. The drivability is heavily 
dependent on the power and torque capabilities of the power sources. A typical design of 
a classical vehicle has the engine sized properly to meet drivability targets. The engine 
needs to supply enough power to accelerate the vehicle, reach a minimum speed on an 
ause the electric power sources and 
powertrain configuration provide additional power and/or design degree of freedom. But 
at the same time, the design problem becomes more complex because each component 
rdinate seamlessly. 
Compare to a conventional vehicle, the addition of electric machines brings extra 
ost, weight, volume, and accessories into the design p
additional design challenges, including cost, packaging, etc. According to the study 
sub-matrix DEV has full rank. Therefore, the matrices DEV and DMG must both have full 
or the configuration to be feasible. After checking the ranks of DEV and DMG in the 
1152 possible candidates, only 288 configurations remain for further consideration. 
4.2. Drivability and Power Source Component Sizing 
In the second step of the conf
uphill slope, or possess a minimum towing capability. For a power-split HEV, the 
drivability objective can be more easily achieved bec
size needs to be optimized to coo
c roblem. These factors result in 
 
shown in Table 4.2, as the size (power) of the electric machines increases, additional cost, 
weight, and volume are incurred. 
Table 4.2: Comparison of attributes and cost of three type of traction motors (Cuenca et 
al., 1999). 





Cost ($/kW) 8.1 10.2 11.8 
Mass (lb/kW) 1.7 2.7 1.65 
Volume (in3/kW)  10.5 19.1 16.1 
 
Different configurations of power-split HEVs affect the optimal sizes of the 
power sources. This is because different configurations result in different gear 
transmission ratios which affect the dynamics of each power sources. Therefore, an 
electric machine that works for one configuration may not work for another. Let’s take a 
look at an example driving scenario in which the vehicle is running at the speed of 20 
mph. If the driver demands 60 kW, the possible engine power and MG1 power can be 
searched and the MG2 torque input is then calculated to fulfill the power demand at every 
sampling time. The valid MG2 torque must satisfy 
 2 _ min 2 2_ maxMG MG MGT T T≤ ≤  (4.10) 
where T  and T  are the torque constrainMG2_min MG2_max ts. Figure 4.3 shows this searching 
result on a single-mode powertrain configuration (Toyota hybrid system), note the 
vehicle parameters are replaced by those of the HMMWV and the power sources are also 
changed accordingly. The MG2 size here is 30 kW and results show that all calculated 
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MG2 torques are outside of the constraints imposed by (4.10). This indicates the MG2 is 
too small to satisfy the drivability constraints. This problem can be solved by increasing 
the size of MG2 as shown in Figure 4.4. With a more powerful 90 kW electric machine 
(assum  
electric machine), the calculated MG2 torque, necessary to satisfy the drivability 
objective, falls  constraints t on  2-PG 
Allison hybrid system, because the gear ratio changes, for the same engine speed, the 
MG2 speed is lower than that of THS. Lower speed allows MG2 to produce higher 
torque. Therefore, even for a  MG, the calculated torq
(See Figure 4.5). 
e battery size is adjusted accordingly and it does not force constraints for the
within the . If we change he configurati design to a



















Figure 4.5: Torque values for a 30 kW MG2 in the 2-PG AHS configuration. 
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In this study, we assume that it is necessary to satisfy a drivability constraint: the 
powertrain needs to produce average power in excess of 100 kW to launch the vehicle 
from 0 to 50 mph in 15 seconds (Figure 4.6). At each sampling time, instead of using any 
control strategy to decide the power-split ratio, all possible power inputs from engine and 
electric machines are simulated and the following speed and torque constraints are 
checked.  
 
_ min _ max
_ min _ max
1_ min 1 1_ max
1_ min 1 1_ max
2_ min 2 2_ maxMG MG MG

















If none of the input combinations in a powertrain configuration satisfies all these 
constraints, this configuration does not meet the power source drivability objective and is 
screened out. Notice that this step only provides necessary but not sufficient sizing limits 
for the powertrain system. It eliminates the designs that obviously violate the design 
objectives, but the remaining configuration candidates need to have further component 
sizing analysis, which will be explained in the next chapter. In the given example, after 
checking the drivability constraints, 17 configuration candidates are left, their matrices D 
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(4.12) 
 
Figure 4.6: Vehicle launching at constant power (100 kW). 
4.3. Mode Shifting and ECVT Efficiency 
In the third step of the configuration screening process, the ECVT transmission 
efficiency and the feasibility of shifting mechanism are considered. Conlon (2005) and 
Grewe et al. (2007) provided comprehensive explanations of the ECVT design for a 
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power-split vehicle. The design of the mechanical point (MP) of the powertrain system 
and the combination of input-split and compound-split operating modes are known to be 
critical (See Appendix B). Grewe et al. (2007) concluded that a typical dual-mode system 
design requires one of the MPs to locate close to the low gear ratio in a conventional 
transmission (ranging from 1.5 to 4) to be beneficial for the launching drive, and one of 
the MPs to locate close to the high speed top gear ratio in a conventional transmission 
(ranging from 0.5 to 1) to be beneficial for the cruising drive. An acceptable powertrain 
configuration needs to have its MPs designed within these reasonable ranges. 
The task of calculating MP of a configuration is equivalent to solving the 
input/output speed ratio when one of the MGs has zero speed. This can be easily done 
with the previously defined matrix DEV and DMG. In equation (4.8), let either ωMG1 or 
ωMG2 equal to zero, the input/output speed ratio, which is the corresponding mechanical 
point, can be calculated. 
Besides the mechanical point, given the model matrix D, possible shifting mode 
can also be derived. For example, if an input-split system is designed and the matrix D is 
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Now if it is desired that a compound-split system can be obtained by switching this 
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⎢ ⎥ ⎢ ⎥
= =
⎢ ⎥ ⎢ ⎥− −
where the node coefficient –S2 replaces one of the two zeros in the second column of 
matrix D in (4.13). Only –S2 can be used because other connections between the power 
sources and gear nodes are fixed with the existing node coefficients. These two possible 
gears identify two powertrain systems, shown in Figure 4.7.  
Although the possible shifting modes can be identified by matrix D, whether the 
shifting is feasible or not also needs to be checked. Notice in configuration (a) in Figure 
4.7, when it is switched from input-split mode to compound-split mode (lock CL2 and 
release CL1), because the node (sun gear of PG2) to be locked with engine node (ring 
gear of PG1) was grounded in input-split mode, the speed of engine must reduce to zero 
to make the synchronized shift. Based on today’s engine technology, this type of shifting 
operation prevents the configuration (a) from practical. Configuration (b) does not have 
this limit since the shifting node is connected to MG1. As a result, for a practical shifting 
operation, the shifting node can not be connected to either engine or vehicle. What this 
flexes on the matrix D is that when considering the
switching mode, the zero(s) at either the first row (engine node) or the second row 
und-
split model.  
−
⎢ ⎥ ⎢ ⎥− −⎣ ⎦ ⎣ ⎦
 (4.14) 
re  possible new matrix D for the 
(vehicle output node) can not be replaced with node coefficient. Now for the model in 















Figure 4.7: Two possible dual-mode systems correspond to (4.13) and (4.14): (a) 
D, all design candidates 
can be
CL1CL2   
 (a) (b) 
represented by matrix D and Dmode21; (b) represented by matrix D and Dmode22. 
Following the procedure described above, given matrix 
 systematically examined. Configurations without proper MPs in either of the 
possible operating mode need to be screened out. As for the demonstrated design case, 
possible shifting mode of each remaining configuration candidate is first generated. The 
mechanical points can then be calculated from (4.8). Because the planetary gear gain is 
assumed to be equal to 2 in this screening process, we can set Ri=2 and Si=1 to simplify 


























From equation (4.8), the input-split mechanical point (MP) of Dmode1 was found to be 1.5, 
and the possible compound-split MPs are 1.5 and 0. Since the desired input-split MP is 
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between 1.5 and 4 and the desired compound-split MP locates between 0.75 and 1, the 
possible configurations for compound-split mode fail to satisfy the design objective. 
Therefore, the configuration represented in (4.15) is eliminated.  
This process was repeated for all the surviving design candidates from the 
 D1 in (4.12)) 
MPs ree 
surviving candidates, the first one (PT1) is the design in (Holmes et al., 2003) and the 
second one (PT2) is the design in (Ai and Mohr, 2005). Their powertrain models are 
shown in Chapter 3 in details. 
To summarize, in this chapter, a configuration screening process is suggested 
which systematically search through all possible configurations for a 2-PG dual-mode 
power-split design. Feasible design solutions based on specified design objectives are 
generated. As shown in the example, the initial 1152 mathematically possible design 
solutions are quickly narrowed down to 2. These 2 candidates will be further analyzed by 
the combined configuration and control optimization process suggested in the next 
hapter. 
previous steps. Only two configurations (D8 and were found to have the 





Comparison of different powertrain configurations can not be done without 
imal control strategies. Control strategies based on 
enginee
configurations based on the best execution rather than an execution with unknown quality 
ent strategy for split hybrids based on the deterministic dynamic programming 
(DDP) technique. The optimal power management solution on each of the design 
configuration is obtained by minimizing a defined cost function. The results are then used 
as the performance benchmarks and compared to reach the design optimization. This 
procedure is applied to the surviving candidates from Chapter 4 with study on power 
source component sizing and planetary gear gains.  
COMBINED CONFIGURATION DESIGN, COMPONENT SIZING, AND 
CONTROL OPTIMIZATION OF THE POWER-SPLIT HYBRID VEHICLES 
implementation of some kind of opt
ring intuition frequently fail to explore the full potential of the power-split hybrid 
vehicles because the multi-power-source nature of the powertrain systems. Optimal 
control strategies, on the other hand, achieve the performance assessment of each 
and refinement. 




5.1. Dynamic Program 
Dynamic programming (DP) (Bellman, 1957; McCausland, 1969; Kirk, 1970; 
Gluss, 1972; Cooper and Cooper, 1981) is a multi-stage decision-making process 
involving a dynamic system, a cost function, al 
cont  or 
m l 
optimal solution up to the grid accuracy of the states for both linear and nonlinear 
systems. Furtherm
5.1.1. C
  (5.1) 
where 
 and control and state grids. The optim
rol signal is searched backwards along a horizon. This cost function is maximized
inimized within the boundary of the state grid. This algorithm guarantees globa
ore, it is flexible in accommodating different definitions of cost 
functions or state and input constraints. However, a major limitation of the dynamic 
programming is the extreme computational load, known as the “curse of dimensionality”. 
As the number of states and inputs increases the computation time and the memory 
requirement increase exponentially. Therefore, only problems with small number of 
states and inputs are feasible of applying DP. 
oncept 
The DP technique is based on the principle of optimality, stated by Bellman 
(1957) as “An optimal policy has the property that, whatever the initial state and optimal 
first decision may be, the remaining decisions constitute an optimal policy with regard to 
the state resulting from the first decision”. This concept can be explained as follows. 
For an optimization problem, choose u(k) (k=0,1,…,N-1) to minimize or 













 kx )),(),(),(( kwkukxf)1( =+ 0,1,…N-1 (5.2) 
subject to  
     k = 
 ,      (5.3) 
Here, x(k) is the state vector at stage k in the space of X(k), u(k) is the control vector, w(k) 
is a predetermined disturbance, f is the transition function that represents the system 
dynamics, L is the instantaneous transition cost and G
nkXkx ℜ⊂∈ )()( mkkxUku ℜ⊂∈ )),(()(
N is the cost at final stage N. 
Constraints gi and hj may be imposed on state variables and control variables, 
respectively.  
 ( ( )) 0,ig x k ≤       i = 1,2,…q (5.4) 
 ( ( )) 0,jh u k ≤       j = 1,2,…p (5.5) 
The principle of optimality implies that if { }121 ,...,,, −= No uuuuU , where uk maps states 
x(k) into control signals uoptimal(k)=uk(x(k)), is the optimal control solution that minimizes 
(maximizes) the given cost function, then the truncated policy { }1 2 1, , ,...,r r r NU u u u u+ + −=  
(0<r<N) is the optimal control solution for the sub-problem of minimizing (maximizing) 
the cost function 
 
1
( ( )) ( ( ), ( ), ( ))
N
J G x N L x k u k w k
−




 can be obtained if we first solve a one stage sub-problem 
involving only the last stage and then gradually extend to sub-problems involving the last 
ree stages …etc. until the initial stage is reached. In this mtwo stages, last th anner, the 
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o osed into a sequence of simpler verall optimization problem can be decomp
n problems. Such as at the last step N-1 minimizatio
{ } ))1()) ),1(),1((((min))1((~ 1)1( −−=−∗ −− NuNxLNxGNxJ NNNu −+ Nw  (5.7) 
And at any other given step k, 0<k<N-1 
 { }))(),(),(())1((~min))((~
)(
kwkukxLkxJkxJ ++∗=∗  (5.8) 
where ))((* kxJ  is the optimal cost-to-go function or optimal value function at state x(k) 
starting from t
kku
ime stage k. It represents the optimal cost if at stage k the system starts at 
ate x(k) and follows the optimal policy the
When optimal control signals for all the state grids at all the stages are obtained 
e optimal control schedule of the whole 
l reaching the final sta
5.1.2. Dynamic Program on Power-Split Powertrain Models 
 the larger number of 
nt control problems of several hybrid vehicles and the conventional 
m, M., 2007). Here we assum
objective is to analyze the control of the powertrain power flow at the system level. 
Notice
~
st reafter until the final stage. 
th problem is retrieved by starting at the initial 
state and following the optimal controls unti ge. 
Utilizing DP on a power-split HEV is challenging because of
possible control decisions. Shown in Table 5.1 are the typical states and inputs in the 
power manageme
vehicle (Lin, 2004; Kim, D., 2006; Ki e the optimization 
 that the gear control for automatic transmissions has discrete values with very 
limited choices (e.g., gear can be any integer from 1 to 6 for a typical transmission) and 
all other variables have continuous values (e.g., v can be any value from 0 to 140 mph for 
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a typical sedan without considering going backwards). By comparison, the power-split 
HEV has the biggest problem size in terms of control states and inputs. 
Table 5.1: States and inputs in different types of vehicles (Assume the objectiv
analyze the control of the powertrain power flow at the system level) 
 States Control Inputs 
e is to 
Power-split HEV  ωe, v, SOC Te, TMG1, TMG2, (Gear*) 
Parallel HEV  v, SOC Te, TMG, Gear 
Series HEV ω , v, SOC T , Te e MG
Fuel-cell Vehicle v, SOC Icell
Conventional Vehicle V T , Gear e
* The gear input on a power-split HEV is only necessary when the powertrain configuration has multiple 
Because the large state/input space requires excessive computation, problem 
simplification becomes a necessary art to compromise between the complexity of the 
system and the accuracy of the solutions. Figure 5.1 shows the state transition of the DDP 
problem on a power-split vehicle. The states are engine speed ω , vehicle speed v, and the 
SOC T Throttle
MG2 torque T . Here the driving mode, or gear input, is assumed to be determined by 
the vehicle speed v and the driving power demand P . Because the goal of the control is 
to follow a predefined driving cycle, it draws the knowledge of v and P . And because the 








 1 2d e MG MGP P P P= + +  (5.9) 
Pd determines the control input TMG2 by 
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 2 1 1 2( ( ) ( , )) /MG d e e MG MG e MGT P T throttle T vω ω ω ω= − ⋅ − ⋅  (5.10) 
where T  and ω  are calculated from the states and input signals. As a result, given ae MG2  
driving cycle, state  
and inputs
v can be treated as known and input TMG2 is dependent on other states

















Figure 5.1: Formulation of the DP problem on a power-split system. 
The rest of the states an
es and the control signals are important because they are directly related to the 
simulation accuracy and computational cost. Small grid sizes lead to longer computation 
time but more accurate optimization results and larger grid sizes save computational cost 
but may obtain inaccurate results. Also, the state and input grids need to be coherent else 
a state grid may not be reached by the control. The selected grid points are shown in 
Table 5.2. 
Table 5.2: The selected grid points in DDP. 
S
Engine Speed [rpm] 1000:50:3000 




Engine Throttle 0:0.025:1 
MG1 Torque [Nm] -300:15:300 
 
The cost function used in this DDP problem combines two objectives: to 
maximize the fuel economy and to keep the SOC sustained. Based on these, the cost 
function to be minimized is calculated as: 
  (5.11) 
where the fuel consumed at each step and a terminal constraint on SOC are considered. 
SOCf is th ctor. The 
optimization
2_ min 2_ 2_ max
MG MG k MG











e desired SOC at the final time, and α is a positive weighting fa
 is subject to engine and electric machine constraints 
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nalty is given for the control which violates these constraints, or drives the 
states outside of these constraints. As mentioned before, the battery is assumed to have 
enough voltage to supp
Figure 5.2 shows a set of results from a sample DDP problem. This problem 
utilizes a FTP75 drivi  powert (PT1), one of the two 
surviving configuratio chapter. Plo at the obtained vehicle 
ly to the MGs. 
ng cycle for the first rain candidate 
ns from the last t (a) shows th
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speed tracks the ref ycle speed closely, while the battery is controlled to 
sustain the charge clo  SOC at 0. )). The powertrain control 
signals for the power sources are shown in plots (c) and (d) for engine and MG1, 
spectively. 
erence driving c
se to the targeted 55 (plot (b
re
 
 (a) (b) 
 
 (c) (d) 
Figure 5.2: Example vehicle control performance results by DDP. 
5.1.3. N
are not universal and may not be directly applicable to other hybrid vehicle design 
umerical Accelerator Technology 
Because the DDP search is exhaustive, it is computationally intensive. In this 
study, several techniques were applied to reduce the computation load. These techniques 
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problems. However, it is worthwhile to document these techniques as they play a crucial 
role in implementing the DDP codes. Without these tricks, DDP problem could be too 
slow to be solved on PCs using standard software package such as Matlab, which is 
increasingly the choice for many engineers. 
Firstly, the inequality constraints sometimes can be checked based on the initial 
conditions before running the simulation. Cases failed to satisfy the constraints are 
penalized and the simulations can be skipped. For example, because the PG system has 
known kinematic relationships, MG1 initial speed can be calculated given the initial 
vehicle speed and engine speed. If the result speed violates the constraint, a large penalty 
is assigned and the simulation can be skipped. By doing this, about 10% of the 
Secondly, SIMULINK allows us to load the simulation once and run a group of 
cases together. Within the time of running a single simulation, the results of a group of 
simulations can be obtained. To create the group initial conditions, the states and inputs 
need to be vectorized. For instance, if the simulation model is loaded with a SOC vector 
[0.4:0.003:0.7], an engine throttle vector [0:0.025:1], and specified scalar value of other 
states and inputs, SIMULINK actually takes in a matrix of cases, and all scenarios 
ne function cal
comparison s approach 
and the traditional approach. Simulation with vectorization technique reduces the 
computation can be avoided. 
specified by the matrix can be simulated in o l. Table 5.3 shows the 
 of computation time requirements between the vectorized input
computation time by a factor of about 300.  
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Table 5.3: Vectorization approach effect on simulation time. 
Simulation Cases Simulation Approach Simulation Time (sec) 
One case at a time 
Simulation 153.6 
One engine speed 
SOC grids [0.4:0.003:0.7] 
Throttle grids [0:0.025:1] 
One MG1 torque Vectorized Simulation 0.5 
 
Thirdly, to further accelerate simulations, the SIMULINK model can be converted 
into a script (.m) file. When all the simulations for calculating transition table are made in 
an m-file, it further reduces the computation time by a factor of 10. With the help of all 
these techniques, the transition table computation for the FTP75 driving cycle which took 
days previously was generated in about three hours on a desktop PC. 
5.2. Configuration Optimization 
nce. 
Obviously, to search through optimal design parameters, one could use systematic 
methods such as Sequential Quadratic Programming (SQP) and search through the 
Deterministic dynamic programming (DDP) explores the full potential of each 
design candidates. By comparing these benchmark (best execution) performances, the 
configuration that has the best performance and satisfies all of the design constraints can 
be identified. Recall in the design screening process described in Chapter 4, we only 
considered the effect of different configuration designs with the MG sizing and planetary 
gear gains assumed to have constant values. In this section, parametric variations on the 
MG sizing and the planetary gear gains are explored on the surviving configuration 
candidates. For each powertrain configuration with parametric variation, DDP solution is 
obtained to benchmark the vehicle performa
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parameter spa  integrate the 
SIMULINK f
because re of the S rall process will be extremely 
comp ssertation, onstrate the basic concept using a 
brute-for . For the , the MGs a iven values 
ranging from 10 to 50 kW with the summation of the two limited at 60 kW. For the 
planetary gear dimension, the ratio between ring gear radius and sun gear radius 
ce iteratively. This approach requires a wrapper program to
ile with the DDP optimization together with the SQP code. In addition, 
of the iterative natu QP search, the ove
 we will demutation intensive. In this di





=  (5.13) 
is searched within a feasible design range, from 1.6 to 2.4. With each variation, the 
vehicle performance is benchmarked with the optimal control achieved by DDP. These 
results are then compared to eters.   conclude the optimal design param
The complete DDP results are shown as tables in Appendix C. Fuel economy 
alone is used for the comparison. In each simulation, the effect of mismatched SOC, the 
change between its initial and final values, is compensated for by conducting several runs 
with different initial values of SOC. Figure 5.3 shows that the fuel consumption (without 
SOC compensation) changes monotonically and almost linearly with the change in SOC 
between its initial and final values (Figure 5.4). The fuel efficiency with zero SOC 




Figure 5.3: SOC under the same driving-cycle with different initial values. 
  
Figure 5.4: Relationship between fuel consumption and change in battery SOC. 
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In the result tables in Appendix C, N/A means that the corresponding 
configuration can not satisfy the driving demand with some of the constraints violated in 
the simulation. Note when varying the electric machine sizing, if any one of the MG is 
relatively small (i.e., 10 kW), the powertrain fails to satisfy the driving demand. This is 
because of the power circulation in the power-split vehicle. The engine input power is 
circulated after it is split. The split power in the electrical path goes through both MGs to 
reach to the final wheel. Figure 5.5 shows the circulated electric power under a launching 
portion of the driving cycle. Both of the MGs should be sized above this value to 
generate or motor the power. 
 
Figure 5.5: Electric power circulation under a launching maneuver (PT2, MG1=20kW 
and MG2=40kW). 
t. 
Figure 5.6 shows the result of PT2. It appears that the fuel efficiency increases as K2 




 (Figure 5.8a) with high torques (Figure 5.8b) for the lower 
fuel efficiency case, which is not efficient. The simulation results also show that in both 
cases, the vehicles are following the driving cycle (Figure 5.9a) and the batteries are 
controlled to have the same final values (Figure 5.9b). This guarantees the electric 
powers supplied from the batteries over the entire driving cycle are the same for both 
cases. Then the lower power efficiency of MG2 results in the lower fuel efficiency since 
more power is lost in the electrical path.  
To explain why K2 has such effect on the MG2 operation, let’s look at the 
configuration of PT2. In the launching mode of PT2 (as shown in Figure 5.10), because 
the ring gear of PG2 is grounded, increasing K2 will increase the speed ratio of MG2 over 
the vehicle output shaft. This means, for the same vehicle speed, a larger K2 results in a 
higher MG2 speed. When the vehicle speed is low and the MG2 torque is high, the 
conf 2
efficien
es for this powertrain configuration. To understand the reason, the results from 
one design (K1=1.6 and K2=2.2) with higher fuel efficiency (18.43 mpg) and one design 
(K1=1.6 and K2=1.6) with lower fuel efficiency (17.57 mpg) are compared. The 
difference mainly lies in the performance of the electric machines. Figure 5.7 shows the 
MG2 operating points of both cases in the power efficiency map. As marked, the lower-
efficiency case has more points (triangles) in regions with poor electric efficiency. This 
can also be observed in Figure 5.8. When the vehicle is launching and requires large 
amount of power (e.g., between 20 sec and 75 sec, and between 170 sec and 200 sec), the 
MG2 is driven at lower speeds
iguration with larger K  pushes the MG2 operating point to avoid the low power 




Figure 5.6: Fuel economy contour plot for DDP results with different gear sizing (PT2, 
MG1=20kW and MG2=40kW). 
 
Figure 5.7: MG2 efficiencies of two different design cases (High fuel efficiency case: 




 (a) (b) 
Figure 5.8: MG2 speeds and torques of two different design cases (High fuel efficiency 
case: K1=1.6 and K2=2.2, and low fuel efficiency case: K1=1.6 and K2=1.6). 
 
 (a) (b) 
Figure 5.9: Vehicle speeds and battery SOC of two different design cases (High fuel 
efficiency case: K1=1.6 and K2=2.2, and low fuel efficiency case: K1=1.6 and K2=1.6). 
From the result tables in Appendix C, the peak fuel economy value of each 
powertrain configuration represents the potential of each design. We now can compare 
the best potential for every design candidates. As shown in Figure 5.11 (result from the 
conventional vehicle is also shown for comparison), PT2 with MG1=20 kW, MG2=40 
kW, K1=1.6 and K2=2.4 has the best fuel economy and this configuration is concluded as 
th 2 e design with the highest potential. It should be noted that the difference between PT
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and PT1 is small. This implies that while PT2 may have better results in this case study, 









Figure 5.10: In the PT2 configuration, increasing K2 results in higher speed of MG2 at 
the same vehicle speed. 
 




IMPLEMENTABLE OPTIMAL CONTROL DESIGN OF THE POWER-SPLIT 
HYBRID VEHICLES 
In Chapter 5, the configuration with the best performance benchmarked by DDP 
is selected. The problem of DDP is that it requires a priori knowledge of the future 
d , 
the control strategy developed from DDP is not implementable. Two implementable 
power management control algorithms are studied in this chapter. In both algorithms, the 
split between the engine power and the battery power is determined by the optimal 
control strategies and the engine operation is then optimized by controlling the two 
electric machines. 
The first algorithm is based on the stochastic dynamic programming (SDP) 
technique. This approach assumes that there is an underlying Markov process to represent 
the power demand from the driver. Instead of being optimized over a given driving cycle 
like DDP, the power management strategy is optimized in general driving conditions with 
known power demand transition probabilities. Similar approaches to automotive 
pow 3). 
In this chapter, this SDP approach is modified and applied to power-split HEVs. The 
control law derived from SDP can be directly used in real-time implementation because it 
has the form of (nonlinear) full state-feedback. 
riving conditions. Because a priori knowledge is not precisely known in daily driving
ertrain control problems can be found in (Kolmanovsky et al, 2002; Lin et al, 200
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Both DDP and SDP require extensive search during the optimization process 
which causes excessive computations. As the powertrain system becomes more 
complicated in a power-split hybrid vehicle, these design processes become time 
consuming. As an alternative solution with much reduced computational cost, equivalent 
c  
also studied. Ideally, we want to ization problem 
 
onsumption minimization strategy (ECMS), an instantaneous minimization method is
solve the following optim
( )min ( )E t dt∫  (6.1) 
where the fuel consumption E(t) is minimized over the entire driving schedule. In an 
instantaneous optimization, this global criterion is replaced by a local estimation cost 
( )E t  and the power distribution is determined by 
 ( )( )min ( )E t dt∫  (6.2) 
Obviously the global minimization problem and the instantaneous minimization problem 
are not equivalent. However, the instantaneous minimization strategy can be easily 
implem
tric machines can be viewed as a speeder 
ented. The ECMS was originally proposed by Paganelli et al. (2000) for parallel 
hybrid vehicle applications. This algorithm is modified to apply to the power-split HEVs. 
6.1. Power-Split and Engine Optimization  
Regardless of the configuration design selected, the power-split powertrain 
decouples the engine speed from the vehicle speed with the electric continuously variable 
transmission. Therefore, the engine can operate efficiently under a wide variety of driving 
conditions. To fully realize the benefits of a power-split hybrid, the engine cooperates 




A divide-and-conquer approach is used to decouple the control synthesis of a 
power-split HEV into two steps, system optimization and engine optimization (Figure 
calcu ngine power command given by the 
 optimal controller. This desired speed is then achieved by
speeder electric machines following the speed relationship imposed by the lever diagram. 
explained in (Kimura et al., 1999) and (Ai et al., 2004). 
orquer. The speeder is controlled to manipulate the speed of the engine, and the 
torquer helps to satisfy the torque requirement. For instance in the design of THS, the 
MG1 plays the role of the speeder, and the MG2 is the torquer (Hermance, 1999). Some 
designs have three or more electric machines, but they still serve as these two types. 
There can be two torquers working together (front wheel and rear wheel) to assist the 
torque while one speeder to control the engine speed. 
6.1). The system optimization specifies the engine power demand. Then the engine 
optimization controls the engine operation. The engine optimal controller selects a pre-
lated optimal engine speed based on the e
system  manipulating the 
Depending on the torque capacity and speed range of the controlled electric machine, the 
desired engine speed may not be achievable, or even if it is, may be achievable after a 
transient. The power surplus or deficit (difference between desired power and engine 



























and engine optimization. 
 the configuration design. Use 
the selected PT2 as an example, because the engine and MG1 connect to the ring gear 
and sun gear of PG1, respectively. The engine torque split from ring to sun gear is 
 
Figure 6.1: Two-step control of the power-split powertrain showing system optimization 
The speeder MG generates torque so that its speed converges to a reference point 
calculated from the engine command speed and the vehicle speed. To track this reference 
speed, a feed-forward plus feed-back controller is designed (Figure 6.2). The feed-
forward control signal is determined as the torque needed to balance the split engine 
torque at steady state. As explained in section 2.2.1, the torque-split ratio at steady state 






=  (6.3) 
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which is the feed-forward torque signal to MG1 at the sun gear. A PI controller is then 
designed to eliminate the error between the real engine speed ωe and the command engine 
speed ωe_command. Overall, the MG1 control signal is 
 11 _ _
1
( ) ( )MG e p e command e i e command e
ST T p p
R
ω ω ω ω dt⎡ ⎤= − + − + −⎣ ⎦∫  (6.4) 

















ality such as maximizing the fuel econom
strategies developed by SDP and ECMS are presented in the following sections.  
igure 6.2: Feed-forward and feed-back controller for the MG1 torque control. 
The engine optimization process explained above is engine-centric. It maximizes 
engine efficiency for each required engine power level. However, the system 
optimization, the process of choosing a proper engine power level to optimize the overall 
vehicle efficiency, has not been explained. This control decision should be 
comprehensive and should fulfill the driving demand, maintain proper battery SOC, and 
observe component constraints such as rotational speed and torque limit of the electric 
machines. Moreover, it is desirable that the power management decision leads to 
optim y. The system optimization control 
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6.2. SDP for Power-Split Hybrid Vehicles 
In deterministic dynamic programming (DDP), given a state and a decision, both 
the immediate cost and next state are known. If either of these is known only as a 
probability function, then it becomes a stochastic dynamic program (Howard, 1960; 
Bellman and Kalaba, 1965; Bertsekas, 1976; Ross, 1983). The SDP methodology is 
atano et al., 1992; Bertsekas, 1995). Lin et al. 
(2004a) proposed a SDP control approach for a parallel hybrid vehicle. As shown in 
Figure 6.3, this approach extracts an optimal control policy from a Markov chain driver 
model, based on the power demand Pd(k) statistics of multiple driving cycles. The 
problem is formulated with two deterministic states v(k) and SOC(k), and one input Pe(k). 
To reduce the computational cost, the gear input is assumed as a mapped signal from 
vehicle speed. Vehicle driving torques Te(k) and Tm(k) can then be calculated. 


















Figure 6.3: The stochastic dynamic programming design process on a parallel hybrid 
vehicle. 
This formulation is applied to the power-split hybrid vehicle as shown in Figure 
6.4. The vehicle speed v(k) and battery SOC(k) are kept as the two deterministic states. 
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The engine speed ωe(k ing that the 
engine 
) is mapped to the engine power input Pe(k) by assum
operates on the pre-determined curve. The engine torque Te(k) can then be 
calculated given engine power input. To further simplify the dynamic model and reduce 
the computational cost, MG1 torque TMG1(k) is assumed to be controlled to keep the 
engine speed. Because the speed of both electric machines can be calculated based on the 
kinematic relationship of the powertrain configuration, the MG2 torque TMG2(k) is then 























Figure 6.4: The stochastic dynamic programming design process on a power-split hybrid 
vehicle. 
Determining proper statistical characteristics of driving power demand Pd is not a 
science and depends on engineering judgment and available information (e.g., updated 
traffic and road condition ahead). In this study, real-time traffic information is assumed to 
be d 
driving cycles, WVUCITY, WVUSUB, ER, and UDDSHDV from ADVISOR 
2002, w
 unavailable. A stationary Markov chain model is generated as follows. Four standar
WVUINT
ere selected to represent mixed city, suburban, and highway driving conditions. 
From these driving cycles and vehicle parameters, the driving power Pd can be calculated 
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as a function of vehicle speed v. The observed pair (Pd, v) is further mapped onto a 
sequence of quantized states (Pd’, v’). The transition probability could then be estimated 
by the maximum likelihood estimator, which counts the observation data as: 
 ˆ / 0p m m if m, ,il j il j il il= ≠  (6.5) 





il il jm m= ∑  is the total event 
1j=
counts that  has occurred at speed vl. 
However, it is possible that the event count mil is zero se of inadequate richness of 
the driving cycles. The probabilities of these cases are es ated by the information from 
the points around them. To do so, the initial probability m p needs to be smoothed while 













=∑ . Figure 6.5 shows an example probability map 
under a given speed. 
 
Figure 6.5: Example of power demand probability map. 
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Based on this stochastic Markov chain model, we formulated an infinite horizon 
SDP. The optimal control policy is extracted by minimizing the cost function Jπ, the 
expected cost under control law π, over an infinite horizon: 
'
'
( ) ( , ) ( ')xx
x























the policy π thereafter. u is the control signal obtained from the control policy π. x and x’ 
d the next states.  is the transition probability between these 
two states. The optimization problem is subject to a set of inequality constraints arising 
from component speed and torque characteristics of the power-split powertrain 
 
k is to be minimized and battery SOCk is 
penalized when it is below the desired value SOCd. 0<γ<1 is the discount factor. Jπ(x) 
indicates the resulting expected en the system starts at a given state and follows 
are the current states an 'xxp
_ min _ max
_ min _ max
1_ min 1 1_ max
1_ min 1 1_ max
2_ min 2 2_ max




















These inequality constraints are implemented by assigning large penalty to control 
decisions that violate these constraints. 
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The SDP problem is solved through a policy iteration algorithm, which consists of 
a policy evaluation step and a policy improvement step (Howard, 1960). This algorithm 
is solved iteratively until the cost function Jπ converges. In the policy evaluation step, 
iven a desired power Pd, starting with an initial policy π, 
cost function Jπ(x). Then a new policy is determined through the equation: 
 x x
g we calculate the corresponding 
'
'
( ) argmin ( , ) ( ')d x
x
P g x u p Jππ γ
⎡ ⎤
= +⎢ ⎥⎣ ⎦
∑  (6.8) 
After the new policy is obtained, we go back to the policy evaluation step to update the 
cost function by using the new policy. This process is repeated until Jπ converges within a 
selected tolerance level. The control policy generated is time-invariant and causal and has 
the form of nonlinear full-state feedback laws (an example map is shown in Figure 6.6). 
 
Figure 6.6: Example of optimized engine power map from SDP. 
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Similar to DDP, there is a significant trade-off between computation efficiency 
and accuracy. Besides applying the same numerical acceleration techniques explained in 
section 5.1.3, varying the state/input grid sizes greatly affects the optimization results. 
The optimization process in SDP is more computationally intensive then DDP because of 
the policy iteration algorithm. Fine grids will cause the computer to run out of memory. 
Rough grids may result in a control policy that is not accurate enough (An engine-in-the-
loop study on the map accuracy effect is shown in Appendix D). One way to compensate 
h 
grids can be used when the power demand is high or the vehicle speed is high, while 
keeping fine grids for the rest of the cases. 
such effect is to apply refined grids on the common driving conditions and rough grids on 
the rare cases. From the generated driving power and vehicle speed shown in Figure 6.7. 
Cases with relatively low vehicle speed and power happen more often than cases with 
relatively high vehicle speed and power. Therefore, to save computational cost, roug
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6.3. ECMS for Power-Split Hybrid Vehicles  
The equivalent consumption minimization strategy (ECMS) is an instantaneous 
optimization algorithm introduced by Paganali et al. (2001). This ECMS is based on the 
idea that for charge-sustaining hybrid vehicles, the instantaneous (charging/discharging) 
usage of a reversible energy storage device will decrease/increase the future fuel use of 
the irreversible energy storage device. However, the convertion factor from electric 
energy to equivalent fuel use cannot be determined exactly because the future driving 
schedule is unknown. To compensate for this uncertainty effect, an average factor tuned 
over a certain driving cycle is used. In early designs, this approach assumed that every 
variation in the SOC would be compensated in the future by the engine running at the 
current operating point or an average point (Paganelli and Delprat et al., 2002; Paganelli 
and Guezennec et al., 2002). Sciarretta et al. (2004) presented a new solution based on a 
coherent definition of system self-sustainability. The driving power demand Pd is 
assumed to be always fulfilled by the engine power Pe and the electric machine power 
Pelec: 
 d e elecP P P= +  (6.9) 
When we are solving a power management problem for a hybrid vehicle, with the 
goal of minimizing fuel consumption, it is necessary to assign a cost for the electric 




that the battery SOC needs to be maintained at a proper lev elec is not “free” and can 
assigned an equivalent fuel consumption cost: 
_ _f total f eng f elecm m m= +  (6.10) 
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where  repres  represents the 
equival
 
ents the fuel consumption of engine and m_f engm _f elec
ent fuel consumption of the electric machines, which can be calculated from: 
_ /f elec elec trans
where 
m FC P η= ⋅  (6.11) 
FC  is the estimated engine fuel consumption conversion factor. The average 
efficiency of battery, inverter, and motor/generator are considered by 
trans batt i MGη η η η= ⋅ ⋅ . 
Using (6.10), an approximated equivalent fuel consumption is obtained. The 
benefit of using this single conversion factor is that the fuel consumption can be 
estimated regardless of the speed and torque of the engine and the motor/generator. The 
drawback is that its accuracy is questionable when the driving cycle changes. Another 
major problem of (6.10) is that it does not include the battery SOC and electric machine 
into consideration. To achieve SOC regulation, a weighting factor f(soc) was suggested in 
(6.12) by Paganali et al. (2002). As shown in Figure 6.8, f(soc) sets the target SOC at 
around 0.6 and weighs the SOC away from this target value such that the equilibrium 
OC is attractive. 
 
S
_ _ _( )f total f eng f elecm m f soc m= + ⋅  (6.12) 
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The original ECMS algorithm does not consider kinematic constraints imposed by 
the electric machines. Kinematic constraints are more important in split hybrids because 
of the CVT nature of the power-split device. For example, by using parameters for the 
THS system, if the desired engine power is 20 kW, then the optimal engine speed is ωe_d 
=2333 rpm to achieve optimal efficiency. Due to the MG1 speed limit of 6500 rpm, the 
vehicle speed must be higher than 12.6 mph for the optimal engine speed to be realizable 
(Figure 6.9). At higher engine power demand, the optimal engine speed can be even 













Figure 6.9: Speed constraint calculation in THS. 
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Because of the kinematic constraint, the feasible engine power is a function of 
power demand Pd and vehicle speed v (Liu and Peng, 2006). In other words, equation 
(6.10) is modified to: 
 __ _ ( , ) ( )f equi f eng d f battm m v P f soc m= + ⋅  (6.13) 
With this equivalent consumption cost function, given a power demand Pd, the optimal 
engine power can be searched among all feasible values to achieve minimal weighted 
equivalent f  
with P
uel consumption. Figure 6.10 shows the searching process for the condition
d=30 kW, SOC=0.6, and v=16 mph. The fourth plot shows the combined 
equivalent fuel consumption without considering the kinematic constraints. However, 
with the kinematic constraints, the engine can not operate in the shadowed region shown 
in the fifth plot, the optimal solution is hence on the boundary of the feasible region. 
Repeat this process for all states, the calculated optimal engine power map is determined 
offline for each vehicle speed, one example map is shown in Figure 6.11. 
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Figure 6.11: Example optimized engine power map from ECMS. 
6.4. Result and Discussion 
Simulations of the same vehicle model with SDP and ECMS controllers are 
conduct  SOC-
corrected fuel economy results of the three control algorithms are presented in Table 6.1. 
The results using the rule-based control algorithm (explained in section 2.4) are also 
reported for comparison. Both the SDP and ECMS algorithms show significant fuel 
economy improvement and both are close to the optimal results produced by DDP. 
Results seem to validate that the SDP approach and the ECMS approach are near-optimal 
and are good candidates for practical implementation. 
ed under various driving cycles to evaluate the control performances. The
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Table 6.1: Fuel economy comparison between different control algorithms. 














Highway 57 65 64 67 THS Configuration 
Prius 
City 54 57 56 57 
Highway 17 20 20 21 PT2 Selected 
Configuration 
HMMWV City 15 18 16.5 18.5 
 
High overall fuel efficiency is only possible with excellent engine efficiency. To 
examine the r both SDP 
and ECMS approaches are shown in the engine brake specific fuel consumption (BSFC) 
maps in Figure 6.12. The tot hted in different colors. The 
contour
 instantaneous engine performance, the engine operating points fo
al point densities are highlig
s of equi-BSFC lines show the relative fuel efficiency of the operating points. In 
addition, the most efficient points for given engine power is shown by the red dashed 
line. Close examination of this figure confirms the engine operates very close to the 






Figure 6.12: The engine operating point densities for both SDP and ECMS approaches in 
FTP75 cycle. (Sampling: 1Hz). 
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Despite of the similarities, the distributions of the engine operating points shown 
in Figure 6.12 also have noticeable differences. The engine power traces, commanded by 
DDP, SDP, and ECMS algorithms during a vehicle launch are plotted in Figure 6.13. It 
can be seen that the engine power commanded by the ECMS oscillates continuously. This 
is partly due to the fact the best engine efficiency is obtained with relatively high engine 
power (as shown in Figure 6.12). When the power demand is low, the instantaneous 
optimization algorithm tends to move the engine toward a more efficient point, which 
generates more power than demanded. The extra power delivered is balanced by the 
electrical path and the excessive energy is stored in the battery. This saved energy is then 
used to assist engine operation, allowing the engine to generate less power than required 
by the vehicle load. This results in the wide-varying engine power, which is also 
responsible for the scattered engine power generation shown in Figure 6.12. The engine 
power generated by the SDP algorithm, in comparison, is a lot smoother. Since the SDP 
strategy is obtained based on infinite-horizon optimization, the future is taken into 
consideration, albeit in a stochastic way. Due to the longer optimization horizon, the SDP 
results do not react to instantaneous condition excessively. 
The DDP power flow presented in Figure 6.13 is used to evaluate the power 
decisions made by the two control strategies. It shows an attempt similar to ECMS during 
the vehicle launch when the vehicle speed is low, but is much smoother for the rest of the 
sample cycle. The SDP approach produces smoother power compared with ECMS, which 
is desirable from the drivability viewpoint. The fuel consumptions of these two 
algorithms, however, are similar. Based on our experience, SDP would be a better 
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CONCLUSION AND FUTURE WORK 
7.1. Conclusion 
In this dissertation, the design and control analysis of power-split HEV 
powertrains was presented. The main objective was to establish a systematic approach for 
combining optimal design (configuration and component selection) and optimal control 
(full exploration of the potential of the components) in power-split hybrid vehicle 
applications to improve system efficiency and to reduce fuel consumption. 
An integrated, dynamic simulation model was developed for power-split hybrid 
electric powertrain systems in Chapter 2. This simulation tool enables us to analyze the 
interaction between sub-systems and evaluate vehicle performance using measures such 
as fuel economy and drivability. It is also suitable for studying component-sizing and 
vehicle-performance limitations. Based on this simulation tool, a universal model format 
is proposed in Chapter 3. It presents different designs of power-split powertrains 
regardless of the various connections of engine-to-gear, motor-to-gear, or clutch-to-gear. 
With such a format, a technique to quickly and automatically generate dynamic models 
for the split-type hybrid powertrain was developed. This technique automates the process 
from powertrain design to dynamic model and makes it possible to explore and evaluate 
many different configurations. 
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With the help of the automated dynamic models, possible configuration designs 
can be systematically explored. A design screening process was suggested in Chapter 4 
based on various design requirements including feasibility, drivability, power source 
component sizing, transmission efficiency, and possible mode shifting. This process was 
applied to design a 2-P  in a case study. 1152 
possible design candidates were automatically generated and analyzed. With severe size 
limitations on the electric machines, only 2 of them were concluded as proper design 
candidates that satisfy all design objectives. 
In Chapter 5, a control design procedure based on deterministic dynamic 
programming (DDP) was employed to find the optimal operation of the power-split 
system and achieve the performance benchmarks for different configuration candidates. 
These benchmarks were applied to compare and evaluate different designs, which then 
led to the optimal solution. This approach provides design engineers with fast, 
quantitative analysis and further understanding of the power-split hybrid powertrain 
systems. 
With the DDP suggesting the potential performance benchmark of the selected 
powertrain configuration, two implementable control strategies were developed to 
approach this performance benchmark in Chapter 6. The first design was based on the 
stochastic dynamic programming (SDP), which solved the power management problem 
on an infinite horizon. The driver power demand was modeled stochastically, which 
reflected the fact that the optimization was not for any specified driving cycle but rather 
for general driving conditions with known power demand probabilities. The second 
control design was developed from the equivalent consumption minimization strategy 




g, and power management control design of 
the spli
ns. Moreover, a 3-PG powertrain configuration can have more than two 
oper
configurations constructed by planetary gear sets are limited to have 2 DOF. As 
), which was based on an instantaneous optimization concept. The configuration 
of the power-split system enforced more constraints to the control strategy. Although 
both of these two optimal control designs show close agreement with the DDP fuel 
economy results, SDP is a preferred algorithm because its smoother operation is more 
desirable than ECMS. 
The modeling, design, and control optimization procedure presented in this 
dissertation provides a powerful tool for vehicle engineers to make critical choices such 
as powertrain configuration, component sizin
t-type hybrid vehicles. 
7.2. Future Work 
Some potential future directions that merit further study are listed as follows: 
• As demonstrated in Chapter 4, a 2-PG power-split powertrain has 1152 possible 
configurations. This number increases dramatically when searching 3-PG possible 
solutio
ating modes, which include input-split mode, compound-split mode, and fixed 
gear mode(s) (Grewe et al., 2007). The searching and screening process can be 
extended to investigate 3-PG powertrain systems. In the 3 steps proposed in Chapter 4, 
the methods of justifying a feasible configuration, considering drivability requirement, 
and analyzing transmission efficiency can still be applied. The method of checking 
shifting mode(s) needs to be modified to cover more possibilities. 
• Although the power-split hybrid powertrains discussed in this dissertation are assumed 
to have only 2 degrees of freedom (DOF), it is not necessary that all the possible 
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described in section 3.1, a single PG has 2 DOF. The combination of several PGs can 
form a powertrain system with 3 or more DOF. The node that represents the extra 
freedom must be controlled by extra electric machine(s). Otherwise the operation of 
the system becomes uncertain. The automated modeling process introduced in this 
dissertation needs to be modified to cover the cases with more than 2 DOF. The 
scree
ystems with extended control design objectives. Emission, 
as an example, is another important measure for hybrid vehicle control. To add the 
emission constraints in the contr  the cost function can be changed 
to h fuel 
ning process becomes more complex since more design possibilities need to be 
considered. 
• The control strategies discussed in this dissertation can be modified to investigate 
hybrid vehicle powertrain s
ol, in DDP or SDP,
ave weighted emission associated terms. The compromise between 
consumption and emission needs to be achieved by tuning the weighting factors. In 
ECMS, equivalent fuel consumption cost regarding the emission can be estimated to 
penalize the engine usage. The simulation model to study emission has higher order 
than the simulation model used in this study. The excessive search in DDP and SDP 
may cause computational problem. Approximating DP results by using linear 
programming could reduce the problem size and may provide a practical solution 


















ADVISOR Advanced Vehicle Sim lator 
AHS Allison Hybrid System
BSFC Brake Specific Fuel Consumption 
CAFE Corporate Average Fuel Economy 
CL Clutch 
CPG Compound Planetary Gear 
CVT Continuously Variable Transmission 
DC Direct Current 
DOE Department of Energy 
DOF Degree of Freedom 
DDP Deterministic Dynamic Programming 
DP Dynamic Programming 
ECMS Equivalent Consumption Minimization Strategy 
ECVT Electric Continuously Variable Transmission 
EPA Environment Protection Agency 
HEV Hybrid Electric Vehicle 
HMMWV High Mobility Multipurpose Wheeled Vehicle  
ICE Internal Combustion Engine 
MG Motor/Generator 
MP Mechanical Point 
NHTSA National Highway Traffic Safety Administration 
PG Planetary Gear 






PSAT PNGV System Analysis Toolkit 
PNGV Partnership for a New Generation Vehicles 
SDP Stochastic Dynamic Programming 
SOC State of Charge 
SQP Sequential Quadratic Programming 




POWER-SPLIT SYSTEM EFFICIENCY ANALYSIS 
The efficiency of the ECVT transmission, which is heavily influenced by the 
planetary gear (PG) systems maneuvered by the controlled electric machines, plays an 
important role of the overall efficiency of a power-split hybrid vehicle. The efficiency of 
ECVT is a combination of electrical path efficiency and mechanical path efficiency 
because of its hybrid nature. Because the efficiency through the electrical path is typically 
less than that of the mechanical path, the power-split ratio between these two affects the 
overall efficiency. The following analysis offers design guidance regarding this issue.  
The lever diagram is again used to represent the PG system. For an ECVT, the 
lever can be drawn with point 0 at the output shaft and point 1 at the input shaft. Then the 
length of the lever, which may be positive or negative, determines the kinematic 
relationship of the electric machine to the input and output shafts. In this analysis, 
parameters α and β will represent the lever lengths of the MG1 and MG2 shaft (Conlon, 
2005), as shown in Figure B.1. Note that a lever length of one represents a motor that is 
connected directly to the input power path, and a zero represents a motor that is directly 
connected to the output power path. In addition, on each node, there is a speed gain Ki 
that represents the extra speed ratio between the power sources or vehicle and the power-
split lever. The additional gain can result from a PG meant to provide additional torque 
 132
 
multiplication or a series of linked spur gears. For most of the cases, these gains are equal 













Figure B.1: General power-split ECVT lever diagram. 
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Similarly for the other node that is connected to the electric machine, 
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Because of the power conservation, if we only consider the power from the engine 
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These speed and torque relations (B.2)-(B.4) will be used to study the efficiency 
of the input-split and the compound-split systems. The output-split case is not discussed 
because of its limited usage for ground vehicles (Conlon, 2005). 
B.1. Input-Split System 
The input-split system is defined as the case when one of the electric machines is 
connected to the output shaft. In this case, the engine power is spli
which goes directly to ther part is 
generat ssist the driving 
 characterized b
either α or β is zero. 
pare the performance of different configu e 
normalized input and output torques and speeds, where a value of one is equal to the 
ngine torque or engine speed. Assume β=0 and subs
normalized electric machine speeds, torques, and powers can then be plotted against the 
nical point (MP) is 
defined as the input/output speed ratio where the MG1 speed is zero.  
Figure B.2 and Figure B.3 show MG1 and MG2 torque, speed, and power plotted 
vs. rela
o (point 1 in the figures). If the system is kept operating close to the MP, increased 
t into two paths, one of 
 the final drive through the electrical path, the o
ed as electricity by one of the MGs and power the other MG to a
torque. It can be seen that an input-split is y a set of parameters where 
To com rations, it is useful to us
e titute it into (B.2)-(B.4), the 
transmission gear ratio (relative to mechanical point). Here the mecha
tive transmission ratio, for various values of α (note: β=0). It can be seen that the 




engine speed pushes the output speed beyond a useful range. While the input-split is 
 infinite ratio spread similar to a CVT, the ratio, at which the engine can be run 
at full speed (toward the right hand side of each figure) and power, will be limited by 
MG1 speed, MG2 torque, or the electric power circulated through them. A usable ratio 
range can be defined as a ratio range from the mechanical point up to the point at which 
the input split can no longer operate at full input speed and torque. This ratio range 
typically is up to 4 times of the MP (As highlighted by the dash-dot line in Figure B.2 
and Figure B.3), where at the expense of a high fraction of power through the electrical 
path (75%), high MG1 speed (2-3 times input speed for typical values of α), and high 
MG2 torque. Notice as electric power increases, the overall ECVT efficiency drops. The 
operating range close to the MP has the highest efficiency values since most of the power 
flow through the mechanical path. 
Take THS as an example for the single-mode input-split system. Given that the 
sun gear has 30 teeth and the ring gear has 78 teeth (Hermance, 1999), its α value can be 
calculated as  
capable of
 30 78 3.6α
30
+
= =  (B.5) 
The performances of its speed and torque are close to the case of α=4 in Figure B.2 and 
Figure B.3. This system has stringent constraints on both electric machines when the 
input/output speed ratio is high, i.e., when the vehicle is launched with high power 
demand (to the right in Figure B.2 and Figure B.3). The speed of MG1 and the torque of 
MG2 become very high as input/output ratio increases. As a result, THS requires a large 




Figure B.2: Relative speed, torque, and power of the MG1 in input-split system. 
 
Figure B.3: Relative speed, torque, and power of the MG2 in input-split system. 
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B.2. Compound-Split System 
The compound-split system is defined as the case when both electric machines are 
not connected directly with the input or output node. In this system, the engine power 
splits into two paths similar to an input-split system, but then these two different power 
flows combine through another split ratio, typically realized through another planetary 
gear set. Based on this definition, in a compound-split system, both α and β are not equal 
to zero or one. 
Figure B.4 and Figure B.5 show the relative speed, torque, and power of both 
MGs of the compound-split system with various typical α and β values. It can be seen 
that there are two MPs in a compound-split system. Note that in the region between the 
two MPs, the electric power flow peaks at a low fraction of the engine power, which is 
beneficial for the overall ECVT efficiency. However, the sharp increase in power outside 
of this region limits the operation to near the mechanical points. It is also reflected in 
both figures that within the operating region between the two MPs, the speed and torque 
of the electric machines do not vary significantly. As a result, the compound-split system 
can be used as a supplemental system that provides an operating region between the two 




Figure B.4: Relative speed, torque, and power of the MG1 in compound-split system. 
 
Figure B.5: Relative speed, torque, and power of the MG2 in compound-split system. 
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B.3. Dual-Mode System  
The selection of transmission ratio for a practical vehicle needs to consider a wide 
range of operating conditions. When the vehicle is full-power launching, the vehicle 
speed is very low and the engine speed is normally high due to the high power request. 
When the vehicle is cruising on a highway, the vehicle speed is high but the engine speed 
is relatively low due to the low power request. As a result, the MP design of the power-
split ECVT needs to consider the efficiency of both.  
The input-split system and compound-split system both have critical limitations 
regarding operating the vehicle efficiently. For an input-split system, the choice of the 
ratio for the single mechanical point is a compromise between transmission efficiency 
and electric m r 
full-power vehicle launching with high engine speeds, it hurts the highway fuel economy 
due to the high portion of electric circulation power during cruising. If the MP is chosen 
for an input/output ratio suitable for vehicle cruising with low engine speed, it requires 
large electric machine with very high peak power when launching the vehicle (Explained 
in THS example in section B.1). For a compound-split system, although it has two MPs 
that can be placed for both launching and cruising driving scenarios, its usage for 
launching is very limited because of the sharp efficiency drop outside of the region 
between the two MPs. In other words, the compound-split system can not handle the 
cases with very high ratio between input and output speeds (i.e., when the vehicle speed 
is low and engine speed is high). 
y 
cruising, along with moderate size, weight, and cost for the electric machines, lead to the 
combination of the input-split and compound-split systems. At low vehicle speeds or for 
achine capacity. If the MP is chosen for an input/output ratio suitable fo
The need for the highest efficiency for both high power launching and highwa
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high acceleration rates, an inpu  a mechanical point with high 
input/o
occurs synchronously at a set gear 
ratio (r
t-split mode is utilized with
utput ratio. The compound gear set splits the input power, and the second 
planetary gear set provides additional torque multiplication. Since one electric machine is 
connected to the output shaft, or final drive, directly, the electric launching without 
engine input can also be achieved. At higher vehicle speeds or lighter loads, the system 
can operate in a compound-split mode with the MP range covering the whole cruising 
speed region. The transition between the two modes 
efer to the explanation in Section 2.3.2). This combination of an input and 
compound-split also reduces electric machine maximum speeds. 
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APPENDIX C  
2.2 2.4 
DESIGN EVALUATION RESULTS 
Table C.1: DDP results for different gear dimensions and MG sizing on PT1. 
Fuel Economy 
(mpg) K1=1.6 1.8 2.0 
MG1 is 10 kW and MG2 is 50 kW 
K2=1.6 15.63 N/A N/A N/A N/A 
1.8 15.82 N/A N/A N/A N/A 
2.0 16.00 N/A N/A N/A N/A 
2.2 N/A N/A N/A N/A N/A 
2.4 N/A N/A N/A N/A N/A 
MG1 is 20 kW and MG2 is 40 kW 
K2=1.6 17.40 16.82 16.38 15.99 N/A 
1.8 17.74 16.86 14.59 15.81 15.70  
2.0 17.53 17.07 N/A N/A N/A 
2.2 17.26 16.99 15.48 N/A N/A 
2.4 16.71 16.03 N/A N/A N/A 
MG1 is 30 kW and MG2 is 30 kW 
K2=1.6 17.34 17.18 16.88 15.85 16.34 
1.8 17.47 17.32 16.31 15.88 16.26  
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2.0 17.43 17.30 16.12 15.95 15.76 
2.2 17.52 16.41 15.85 15.56 14.67 
2.4 17.26 16.51 14.05 N/A N/A 
MG1 is 40 kW and MG2 is 20 kW 
K2=1.6 16.98 16.85 16.04 15.75 16.17 
1.8 17.06 16.69 16.60 16.10 15.79  
2.0 17.03 16.29 16.06 16..92 14.83 
2.2 16.99 16.20 15.94 15.24 N/A 
2.4 16.76 1  1  5.93 5.64 N/A N/A 
MG1 is 50 kW and MG2 is 10 kW 
K2=1.6 N/A N/A N/A N/A N/A 
1.8 N/A N/A N/A N/A N/A 
2.0 16.28 15.83 15.56 N/A N/A 
2.2 16.10 N/A N/A N/A N/A 
2.4 N/A N/A N/A N/A N/A 
N/A: This configuration variatio me of the constraints violated. 
.2: DDP  for different gear dim s and M g on PT
Fuel Economy 
(  K
n can not satisfy the driving demand with so
Table C  results ension G sizin 2. 
mpg) 1=1.6 1.8 2.0 2.2 2.4 
MG1 is 1 nd MG kW 0 kW a 2 is 50 
K  2=1.6 15.62 15.16 N/A N/A N/A 
1.8 15.58 15.68 15.47 15.59 15.13 
2.0 16.39 15.75 15.86 16.17 15.70 
2.2 16.41 16.29 15.82 16.11 16.05 
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2.4 17.22 15.90 15.73 16.03 15.93 
MG1 is 2 nd MG kW 0 kW a 2 is 40 
K  2=1.6 17.58 18.03 17.67 17.57 17.33 
1.8 18.17 18.23 18.20 17.78 17.82  
2.0 18.36 18.25 18.29 18.01 17.69 
2.2 18.43 18.54 18.18 18.06 17.93 
2.4 18.53 18.43 18.35 18.02 18.09 
MG1 is 3 nd MG kW 0 kW a 2 is 30 
K  2=1.6 17.46 17.73 17.64 17.48 17.23 
1.8 17.86 17.87 17.71 17.64 17.55  
2.0 17.96 18.15 17.82 17.75 17.46 
2.2 18.16 18.13 17.89 17.85 17.62 
2.4 18.08 18.15 17.91 17.81 17.33 
MG1 is 4 and MG2  kW 0 kW  is 20
K  2=1.6 16.31 17.12 16.83 16.12 N/A 
1.8 16.44 17.20 17.07 16.13 N/A  
2.0 16.73 17.58 17.27 16..29 N/A 
2.2 16.82 17.58 17.30 16.50 N/A 
2.4 16.79 17.76 17.42 16.46 N/A 
MG1 is 50 kW and MG2 is 10 kW 
K2=1.6 N/A N/A N/A N/A N/A 
1.8 N/A N/A N/A N/A N/A 
2.0 N/A N/A N/A N/A N/A 
2.2 N/A N/A N/A N/A N/A 
2.4 N/A N/A N/A N/A N/A 
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N/A: Th nfiguration v an not sa  driving d ith some onstraint . 
 




ENGINE-IN-THE-LOOP STUDY ON MAP ACCURACY EFFECT OF SDP 
A parallel hybrid-electric configuration with a post-transmission motor location is 
modeled for an engine-in-the-loop (EIL) study. The virtual simulation and real engine are 
coupled in a dynamometer test cell through a Matlab/SIMULINK interface. Using the 
virtual driveline/vehicle simulation enables rapid prototyping of hybrid systems and 
optimization of the control systems. Using the complete engine system in physical 
hardware captures the effect of uncertainties in actuator response on engine dynamic 
behavior and brings transient emissions and visual signature into the controller design.  
The integration of the virtual components with the hardware in the test cell to 
create an engine-in-the-loop system is represented schematically in Figure D.1. An 
advanced test cell, featuring a state-of-the art medium duty diesel engine and a highly 
dynamic AC dynamometer with the accompanying control system, has been set up 
specifically for investigations of clean diesel technologies in combination with advanced 
propulsion systems (Filipi et al., 2006). The dynamometer and test cell hardware vendor 
(AVL North America) provided the necessary hardware and software for interfacing 
models in SIMULINK with the dynamometer and engine controller. This opened up the 
possibility of realizing the full benefit of the synergy between advanced modeling and 
experimental efforts. The engine module has been literally removed from the simulation 
model, and the input/output links were connected to the interface instead. Simulated 
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forward-looking driveline and vehicle dynamics models make it possible to integrate a 
virtual driver into the system with the vehicle driving schedule as the only input to the 
EIL models. In case of the hybrid propulsion, the power management module receives 
the command from the driver, makes a decision about the power distribution between the 
two he 
real engine and a virtual electric motor.  
 sources (engine and electric motor/generator) and sends the appropriate signals to t
 
Figure D.1: Engine-in-the-loop setup for studies of the parallel hybrid electric propulsion. 
An FTP75 driving cycle is chosen as the vehicle reference speed for simulation 
and EIL studies. Figure D.2 shows the initial segment of the driving cycle and confirms 
that the vehicle is able to follow the cycle precisely during both virtual and experimental 
runs. The power demand signals from the cyber driver, together with the battery SOC and 
vehicle speed, feed to the power management control designed by the SDP to determine 
power commands to the engine and the motor. The engine is then controlled to fulfil this 
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power request, and the EIL experiment allows replacing the engine model with the real 
diesel engine hardware in the test cell.  
 
Figure D.2: The beginning part of the FTP75 reference driving schedule compared with 
simulation and experiment results. 
A control policy is generated through the SDP method based on the simulation 
model. The simulation results indicated very tangible benefits in fuel economy, with 
relatively regular behavior of the cyber driver. However, when the same control policy 
off state
differences was found only after a close examination of the cyber drive behavior. If we 
was tested through the EIL experiment, the engine frequently switched between on and 
s. Figure D.3 compares simulated and measured engine speed and torque histories 
obtained with the initial control design. The experimental engine speed/load transients 
obtained in the EIL setup differ markedly from the predictions. Experimentally measured 
traces display much higher amplitudes of transient spikes. The differences are most 
prominent in case of engine torque, as Figure D.3b shows measured high frequency 
fluctuation during periods of smooth operation of the virtual engine. The reason for such 
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focus on the engine control from 39 to 47 seconds, during which a sudden engine power 
request is demanded (see Figure D.4a), the simulation result shows a corresponding 
throttle command increase at around 42 seconds. The simulated engine is able to fulfill 
the request and the throttle command displays a smooth profile throughout the rest of the 
interval. In contrast, the response of the real engine, equipped with real actuators, lags 
slightly; the cyber driver senses the torque deficiency and presses on the pedal harder 
eventually reaching 100%. The high-rate of increasing the engine command is due to the 
sharp slopes in control maps, as shown in Figure D.5a. Therefore, the cause of 
instabilities has ultimately been traced back to rough estimated state grids used in the 
controller design process, resulting in a rough control feedback map. 
A more sophisticated controller is designed using refined state grids, and Figure 
D  
generated with the refined SDP control (Figure D.5b) is much smoother than the original 
design (Figure D.5a). When this new supervisory controller is implemented in the EIL 
setups’ virtual system, the sharp fluctuations of engine command disappear and 
experimental trace starts to follow the simulated trace very closely, as shown in Figure 
D.4b. As a result, the engine speeds and torques measured with a refined controller are 
Overall, comparison of the engine performance in Figure D.3 and Figure D.6 
(original vs. refined controller), shows much better agreement between the simulated and 
measured quantities with the refined, more accurate controller, and a remarkable 
reduction of measured transient torque spikes. Interestingly, the simulation results (solid 
.5 shows the comparison between the old and the new. The state-feedback map
closer to the simulation results (see Figure D.6b).  
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lines) for both control designs are very similar, and only after the controller is tested in 
the loop with real hardware its true dynamics become apparent.  
 
  
 (a) (b) 
Figure D.3: Comparison of engine throttle commands between (a) the initial control 
design and (b) the refined control design (right). 
 
Figure D.4: Comparison of (a) engine speed and (b) engine torque results between 
 (a) (b) 




 (a) (b) 
Figure D.5: Comparison of control maps between (a) the initial control design and (b) the 
refined control design (right). 
 
 (a) (b) 
Figure D.6: Comparison of (a) engine speed and (b) engine torque results between 
simulation and experiment with a more accurate and smoother control design. 
As the engine performance in the test cell differs with the two controllers, so do
e descripti
methodology, f  into transient 
emissions. Figure D.7 shows the soot concentration in the exhaust during a representative 
interval in a driving cycle. Sharp spikes and subsequent periods of prolonged elevated 
levels of soot are often above the visibility limit of 75 mg/m3. The visibility limit is 
 
the fuel economy and emissions. As indicated in th on of our experimental 
ast particulate size and mass analyzer enables insight
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estimated by converting the typical Bosch smoke number of 2 to particulate mass using 
an empirical formula (Hagena et al. 2006). When integrated over the whole cycle the 
transient increases translate into large total emission of soot, larger than what was 
obtained for the conventional (non-hybrid) vehicle configuration (Figure D.8). Therefore, 
the EIL capability proved to be critical in uncovering the emission challenge of the 
strategy optimized solely based on the simulation runs and a fuel economy target. The 
refined SDP leads to much more moderate transients and keeps the soot concentration 
cumulative results given in Figure D.8, summarizing the fuel economy and soot emission 
of a conventional baseline vehicle and versions of the HEV platform with the initial SDP 
and the refined SDP. Although the fuel economy improves with either SDP controller, 
the frequent rapid transients with the initial SDP come with a price, and fuel economy is 
improved further with the refined strategy, up to 26%. Smoother engine operation with 
the SDP eliminates the soot emission penalty seen with the original control strategy, and 
reduces the total below the values obtained for the conventional vehicle. In summary, 
using the SDP methodology for controller design and the EIL capability for validatio  
and an 
propulsion option. Note the numbers do not necessarily represent the ultimate potential of 
this configuration, and further im
below the visibility limit throughout the cycle. The final assessment is enabled with the 
n
 refinement unlocks the full potential of the HEV concept as a fuel efficient and cle





Figure D.7: Comparison of transient soot concentration profiles during a 185s-205 sec 
interval of the FTP75 driving schedule. Refined SDP power management strategy (light 
blue) eliminates the transient spikes of soot emission seen with the initial strategy (dark 
red). 
 
Figure D.8: Final fuel economy and soot emission comparison between the conventional 
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